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Abstract In this paper, we prove the breakdown of the two-dimensional stable and
unstable manifolds associated to two saddle-focus points which appear in the unfold-
ings of the Hopf-zero singularity. The method consists in obtaining an asymptotic
formula for the difference between these manifolds which turns to be exponentially
small respect to the unfolding parameter. The formula obtained is explicit but depends
on the so-called Stokes constants, which arise in the study of the original vector field
and which corresponds to the so-called inner equation in singular perturbation theory.

Keywords Exponentially small splitting - Hopf-zero bifurcation - Inner equation -
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1 Introduction and Main Result

The present work is the natural continuation of Baldomé et al. (2016). Below, we briefly
explain the setting of the problem we deal with and the notation we shall follow. For
a more complete introduction, we refer the reader to Baldoma et al. (2016).

The Hopf-zero singularity is a vector field X* in R? having the origin as a fixed point
with linear part having a zero eigenvalue and a pair of purely imaginary eigenvalues. We
consider versal analytic unfoldings with two parameters, X, , such that X o = X*. In
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the case of volume preserving unfoldings, which we will call conservative unfoldings,
we consider one parameter families. Performing the normal form procedure up to
order two, system X, , becomes

v I } o
E:x(\;—ﬁlz)—{—y(a + o1y + axp + a3Z) + O3(X, ¥, Z, (4, v)

dy _ _ _ _ o

d—?=—x (" +o1v +aap +a3z) + 5 (v — f12) + O3(X, 3. Z, i, v) (1)
dz _ _ _ o

Fri —w+ 2+ pE 43 4+ yau? + v 4 ysuv 4+ O3(X, 3, Z, i1, v).

We note that the conservative case is v = 0, f1 = | and imposing that the higher order
terms are divergence free. The dynamics of this system has been studied by several
authors and it is explained in Baldoma et al. (2016).

The singularities under consideration are the singularities satisfying that

B1 >0, >0,

which, from now on, we will call H Z*, following the notation introduced in Dumortier
et al. (2013). In this paper, we focus in both 1) the conservative case and ii) the general
case when the parameters u, v satisfy: [v| = O(u). In these two cases, the dynamics
are not yet completely understood. For our purposes, we emphasize that this system has
two saddle-focus points S+ (1, v) whose one-dimensional unstable/stable manifolds
donot coincide, Baldoma et al. (2013). The goal of this paper is to determine the relative
position of the two-dimensional invariant manifolds of these points, see Fig. 1a.

Following Baldoma4 et al. (2016), we denote by X , the normal form truncated at
order two of these unfoldings, that is, system (1) neglectlng the terms of degree equal
or higher than three. In fact, we also neglect the second-order terms that only depend
on the parameters (., v which we call Pﬁ’u. We decompose

2 2 2
Xpw=X,,+ P, +F,
and we introduce the parameter g as:

Xpw = X5, + (VW (PL, + F7). 2)

The artificial parameter g determines whether we are in the non-generic (g > 0) or
in the generic (¢ = 0) setting. We call regular case the case g > 0. In Baldoma et al.
(2016), an asymptotic formula for the distance between the two-dimensional invariant
manifolds was obtained for ¢ > 0. In the case ¢ = 0, which we call the singular case,
the results given in Baldoma et al. (2016) only provide upper bounds.

In the present work, we consider the singular case and prove the asymptotic formula
for the distance between the two-dimensional invariant manifolds of generic analytic
unfoldings of the Hopf-zero singularity, in both the conservative and the general case
for values of the parameters jt, v satisfying thatv = O(). In the conservative case, we
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will prove that this distance is O (,u,_a e ﬁ) for some constants a, a > 0. Therefore,

the distance is exponentially small. In the general case, we will prove the existence
of a curve I'y, and a wedge-shaped domain around it, W"* (see Fig. 2) such that if
(e, v) € W™5, the distance is exponentially small. In particular, our results prove, for
generic unfoldings, the existence of transversal heteroclinic orbits in the conservative
and, in the general case, when (u, v) € W™5. As we widely explain in the introduction
of Baldoma4 et al. (2016), these results are a necessary step in the proof of the existence
of Shilnikov bifurcations in the analytic unfoldings of the Hopf-zero singularity.

We use previous results in Baldom4 et al. (2016), and we introduce the so-called
inner equation, a parameterless equation which is associated with the original vector
field HZ*. It turns out that the difference between two suitable solutions of this
equation approximates the distance of our invariant manifolds. Previous works proving
exponentially small phenomena had to deal with inner equations. In Gelfreich (1997),
the corresponding inner equations were studied for several periodically perturbed
second-order equations. In Gelfreich and Sauzin (2001) and Martin et al. (2011),
there are rigorous studies of the inner equation of the Hénon map and the McMillan
map using Resurgence Theory (Ecalle 1981a,b). In Olivé et al. (2003), there is a
rigorous analysis of the inner equation for the Hamilton—Jacobi equation associated to
a pendulum equation with a certain perturbation term, also using Resurgence Theory.
Besides, there are other works where functional analysis techniques are used to deal
with more general cases. Baldomd (2000) is the only result which deals with the inner
equation associated to a very general type of polynomial Hamiltonian systems with a
fast perturbation. In Baldom4 and Martin (2012), the inner equation for generalized
standard maps is studied. In Baldoma and Seara (2008), the authors study the inner
equation associated to the splitting of the one-dimensional heteroclinic connection of
the Hopf-zero singularity in the conservative case. The paper Gelfreich and Naudot
(2008) studies the inner equation associated to the Bodganov—Takens bifurcation.

Let us now enunciate the main result of this work properly. As in Baldoma et al.
(2016), we write system (1) as:

dx  _ - - = Fix 5 3
E=x(y—ﬁlz)—i—y(ao—i—alv—l—az,u—l-a}Z)+f(x1y,Z,lLsV),

&y o I
E:_x(a0+a1v+a2u+cx3z)+y(v—ﬂ1z)+g(x,y,z,u,v), 3)
dz - - - Toooo oo
E:—M—i—zz—l—yz(x2+y2)+h(xava1M,V)

with f(¥, 3,7, u, v), §(&, ¥, Z, 1w, v) = O3(X, 3, Z, i1, v) and
h(E, 5,7, 1, v) = y3p? + yav? + ysuv + O3(X, 3, Z, i1, v).

We consider the singularities H Z* [following the notation in Dumortier et al. (2013)]
with B1,y2 > 0 and we compute the distance D"“*(u, 6, u, v) between the two-
dimensional invariant manifolds, see Fig. 1.

The case studied in Baldom4 et al. (2016) consists in considering, for ¢ > 0,
(ﬂ)q(f, g, h) instead of (f, g, h) as perturbation terms.
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Fig. 1 The distance between the invariant manifolds. a The two-dimensional invariant manifolds of
S+(u v) and S_ (u, v) until they reach the plane z = 0. b The intersection between the invariant manifolds
and the plane Z = 0, and the distance D"5(6, ., v) between them

The main result in this work is:

Theorem 1.1 Consider a Hopf-zero singularity HZ* and X ,,, as in (3), with 1, yo >
0. There exists juo > 0 such that if 0 < u < po and |v| < B1/1k, the vector field
X ,v has two equilibrium points S+ (., v) of saddle-focus type of the form

Si (. v) = (0,0, £/70) + O(u? +12)7.

In addition, S‘+ has a two-dimensional stable manifold and S_ has a two-dimensional
unstable manifold.

Foranyu € Rand 0 € [0,2n], let D% (u, 0, W, V) (DY5(u, 0, W) in the con-
servative case) be the distance between the two-dimensional unstable manifold of
S_(u, v) and the two-dimensional stable manifold of S (i, v) when they meet the
plane 7 = ,/u tanh(Bu) along the ray of argument 0 in the x — y plane.

Then, there exist constants C{, C5, Lo and a function L(u) in such a way that, given
To > 0, forallu € [—Toy, Tol and 0 € S, introducing the function:

B, 1) = 2 4 — (a3 + aoLo) [log cosh(Bru) — = log u] +aoL(w),
N ﬂ
the following holds:

1. In the conservative case, which corresponds to f1 = 1l and v = 0, as u — 0,

g

_ ~20% _
DS, 6, ) = \/?(i/ﬁp cosh3(u)[c;‘ cos (9 + O, M))

ko1 9 1
+c2sm(e+ﬂ<uvu>)+‘°<m)}
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2. In the general case, given c* > 0, for u — 07 and |v| < o*u, there exists
Co = Co(u, v) given by:

Co(m,v) =vI+puJ +0O (,11,3/2) (4)

where J, I # 0 are constants given in (92) and (90) of Baldoma et al. (2016), such
that:

DYS(u, 6, pu,v) = /ﬂl’/jr 1 cosh' 7 (B1u) {co (1 + O, ﬁ))

e_zglojﬁ _
+ - I:Cik COS (9 + z?(u, ,LL))

(i
+ Cjsin (9 + 9 (u, M)) +0 (;>i|} )
[log ()]

In addition, there exists a curve

J
Iy = {(/L, veU:v= ])g(ﬁ) = —7M+O(u3/2)}
such that for all 0 < p < o one has:

Co = Co(p, v (V) = 0.

Remark 1.2 The constants le“ , which are usually called Stokes constants (see Stokes
1864, 1902), depend on the full jet of the original vector field HZ* and, up to now,
they can only be computed numerically. This computation is not trivial, and is not
the goal of the present paper. For the one-dimensional case, it has been done for
particular examples in Larreal and Seara (2009). A detailed and accurate numerical
computation of the distance in the one- and two-dimensional cases in many examples
(in conservative and non-conservative settings) has been done in Dumortier et al.
(2013).

On the contrary, the constant L and the function L (u) can be computed explicitly
and only depend on the terms of order three of f, g and & (see Remark 5.7 in Baldoma
et al. 2016 for an explicit formula).

Corollary 1.3 Take Ty > 0, and 0 < u < po. Consider the curve Ty given in
Theorem 1.1. Then, there exists a wedge-shaped domain W™ in the parameter plane
around this curve (see Fig. 2) such that, for (i, v) € W5, andfor fixedu € [—Ty, To],
the function D“*(u, 0, ) is exponentially small and has two simple zeros which give
rise to two transversal heteroclinic orbits between the points Sy (., v). Moreover, for
(u,v) ¢ Wuws, DY5(u, 6, L) has no zeros and therefore the two-dimensional stable
and unstable manifolds of S+ (i, v) do not intersect.
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v ! v=uv!(p)

v=Pi1/i

~—v=v(n)

W = (v () < v < v ()}
m

Fig. 2 The curve Iy and the wedge-shaped domain W"-* around it. This domain separates the values of
the parameters where the unfolding X, ,, has transversal heteroclinic orbits

In spite of Remark 1.2, generically the constants C, C; will be nonzero for generic
singularities H Z*.

Proposition 1.4 Consider the set HZ* of the Hopf-zero singularities HZ*, with
,31, Y2 > 0. Then,

1. Given HZ* € HZ* and X, v, an analytic unfolding of HZ* with |v| < B1./1t,
the constant C* := C{ +iC5, with C{, C5 given by Theorem 2.16, only depends on
the chosen singularity HZ* € HZ*

2. Let A* be the subset of HZ* such that, if HZ* € A, then the constant C # 0.
Then A* is open and dense in HZ* with the supremum norm.

The main ideas of the proof of Theorem 1.1 are given in Sect. 2. Sections 3-5 are
devoted to present the technical proofs of the results mentioned in Sect. 2.

2 Set Up and Heuristics of the Proof of Theorem 1.1

The main goal in this section is to present the strategy to prove Theorem 1.1. As we
will see its proof is involved and requires deep tools in functional analysis as well as
complex matching techniques which will be explained in detail.

We begin in Sect. 2.1 by presenting the adequate setting to deal with and the precise
statement of some of the results proven in Baldoma et al. (2016) that, as we said in
Sect. 1, still hold true in the current setting. We also roughly present the strategy we
will follow to prove Theorem 1.1. Later, in Sect. 2.2, we derive and study the inner
equation, and we present the way to use this equation to prove Theorem 1.1. This
strategy is developed with more details in Sects. 2.3 and 2.4.

As a general rule in this work, we will omit the dependence of the functions with
respect to their variables and parameters whenever this dependence is clear. Moreover,
we will denote by K any constant independent of the parameters, the value of which
is not fixed throughout the paper.
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2.1 Preliminary Considerations and Previous Results

This section is divided in three subsections which summarize the setting and results
introduced in Baldoma4 et al. (2016). In Sect. 2.1.1, we briefly explain the appropriate
scalings and changes of variables we perform. After this, in Sect. 2.1.2, we study
what we consider the unperturbed system and finally, in Sect. 2.1.3, we present the
results proven in Baldoma et al. (2016) we will use along this work. They are related

to the existence and properties of global parameterizations of the invariant unstable
and stable manifolds of the critical points in the so-called outer domains (see (14)).

2.1.1 Scalings and Symplectic Polar Variables

We scale system (3) as in Baldoma et al. (2016), see also Baldoma et al. (2013). Indeed,
we define the new parameters p, §, o and rename the coefficients y», a3, B as:

p=q—2 8=y, o=56", b=y, c=a3 d=§.
We also introduce the constant 43 of & given by
h(0,0,7,0,0) = h3z> + O,
With the new variables
x=8"'% y=6"'y, z=6"124+6"h3/2, 1t =041,

system (3) becomes:

dx (8?2, 8o _

5 =t dz) + (% —I—cz) y+ 872 f(8x, 8y, 82,8, 80),

d 82,8

d—f =— (“(TG) + cz> X4y (0 —dz) + 8 2g(8x, 8y, 52,8, 80), 5
d

d—j = —14+bx>+y>) + 22+ 6 2h(sx, 8y, 8z, 8, 80),

where a(§2, §0) = ap+aido +a8? withag # Oand f, g and h are the corresponding
ones to f, g and h. To avoid a cumbersome notation, we have written

f(8x,8y,82,8,80) = f(5x,8y, 8z — 8%h3/2, 8%, 80). (©6)

The same holds for g, .
To shorten the notation, we write system (5) as

d
d—i =X({,S,a):Xo({,ﬁ,o)+572X1(5§,8,80), ¢ =(x,y,2). @)
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Note that X1(58¢, 8, §0) = O3(8¢, 8, §0). As shown in Baldoma et al. (2013), under
the conditions b,d > 0, |o| < d and § > 0, the vector field X defined in (7) has two
critical points S+ (8, o) of saddle-focus type of the form:

S:(8,0) = (0,0, £1) + (0(8%), O(8*), 0(8%)).

We consider system (7) in symplectic cylindric coordinates

X =+/2rcosé, y = +/2rsin, 7=2, (8)
and we obtain

dr _2

3 = (0 —d) +57F(6r.6.52. 5. 50),

de

T = _% — ez +872G(5r, 6,82, 8, 80), )

d

d—f — 14 2br + 22 +872H(R, 0, 82, 8, 80),

where X| = (F, G, H) is defined by

A/2rcos@ +/2rsinf 0

X (8r,0,8z,8,80) = —ﬁsin@ J%coseo X1(8¢, 8, 80) (10)
0 0o 1

with §¢ = (§+/2r cos 6, §+/2r sin b, §z) and X is introduced in (7).

2.1.2 The Unperturbed System

From now, we will call the unperturbed system to system (9) with F =G =H =0
and o = 0 (or equivalently system (5) with f = g = h = 0 and 0 = 0). In symplectic
cylindric coordinates (8), the unperturbed system is:

dr de a dz 2
— = —2drz, — = —— —cz, —=—-14+2b .
dr T dr 5 de b

As b > 0, it has a two-dimensional heteroclinic manifold connecting S (6,0) =
(0,0, 1) and S_(6,0) = (0, 0, —1) given by:

2br
d+1

{(r,z)eR22—1+ +z2=0},
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which can be parameterized by the solutions of the unperturbed system:

d+1) 1
r = Ro(t) := _ 11
0@ 2b  cosh?(dr) (an
0 = Oo(t, o) := 6 — %z - %logcosh(dt),
z = Zo(t) := tanh(dz), (12)

fort € Rand 6y € [0, 27).

2.1.3 Previous Results in Baldoma et al. (2016) and Notation
The results in this section deal with the existence of adequate parameterizations of
the invariant manifolds and the quantitative (non-sharp) bounds of them and their
difference in suitable complex domains.

To recover the singular case in the results in Baldoma et al. (2016) take p = g —2 =
-2, see (2).
1. Existence of the invariant manifolds. The critical point S_(6, o) (resp. S+(5, o))

has a two-dimensional unstable (resp. stable) manifold which, in symplectic polar
coordinates, can be written as

r=r"%u,0) = Ro) +r"*w,0), z=Zo). (13)
These parameterizations are well defined in D,‘(" pT X T, with
T,={0€C/2rZ) : Imb| < w}

and, given constants «, T > 0 sufficiently large and 0 < 8 < 7/2,
i
D}j’ﬁ,T = {u eC : |Imu| < 2d — k6 —tan BReu, Reu > —T}, (14)

for the unstable manifold, and D,i, BT = —D,‘(" BT for the stable one. See Fig. 4
where the domain DE, T is included.

To avoid cumbersome notations, if there is not danger of confusion, from now on
we will omit the dependence on variables (u, 6).

We introduce some notation used in Baldoma et al. (2016):

X1(r) = X166 (Ry(w) +1),0,8Zo(n), 8,80), X, =(F, G, H), (15)
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where X; = (F, G, H) is defined in (10), and the operators, acting on functions
r=r(u,0),

L£%r) = ( —5la— cZo(u))agr + oyr —2Zo(u)r (16)
d+1
FOUr) =20 (Ro(u) +r) + 8 2F(r) + 872 ;L Zo(u)H (r)
2br +872H
— 572G (r)opr — H—2(r) 7. (17)
d(l — Zg(u))
The result we use is:
Theorem 2.1 (Theorem 2.4 in Baldoma et al. 2016) Consider the PDE:

L) = FUer ). (18)

Let o™ > 0and 0 < B < 7 /2 any constants. There exist k* > 1 and §* > 0, such
that for all 0 < § < &%, if k = K (8) satisfies:

S < ks < - (19)
8d

and |o| < 0*8, the unstable manifold of S—_(8, o) and the stable manifold of S+ (8, o)
are given, respectively, by:

(V2r"s(u, 0) cos 0, /2r*5(u, 0) sin 6, Zo(u)),
where, for (u, 0) € DE;T X Ty, the functions r** can be decomposed as
r=r"(u,0) = Ro(w) + r{"*(u, 0),

with r{ and r} satisfying the same Eq. (18).
Moreover, there exists M > 0 such that for all (u, 0) € DE;T X Ty

1" (u, 0)] < M8|cosh(du)| >, [8,r)"*(u, §)| < M§| cosh(du)|™*,
1867} (u, )| < M8?| cosh(du)| ™.

2. Difference of parameterizations. With respect to the difference between the param-
eterizations (13), defined in

Dep x T, = (D/lcl,ﬂ,T N D,S(’ﬁ’T) x Ty,
we have:
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Theorem 2.2 (Theorem 2.7 in Baldomad et al. 2016) Let |o| < 8o*. The difference
A :=r}' — r] can be written as:

A(u, 0) = cosh®?(du)(1 + Pi(u, 0)k((u, 0)),
where k(t) is a 21 —periodic function and the function & is defined as:
Eu,0) =0 + 8 'au+d " (c + aLg) logcosh(du) + aL(u) + x(u,6), (20)

being Ly € R a constant. The functions Py, L, x are real analytic functions. In
addition, (§(u, 6), 0) is injective in Dy g x T, and:

(a) Forall (u,0) € D g x Ty

L)l =M |L'w)| < M, 2n

5
79 < —7
. O = T

for some constant M. Moreover, L(0) = 0 and L(u) can be analytically extended
1o Do,g and the limit limy,— iz /2d), ue Dy 4 L () exists.
(b) There exists a constant M such that for all (u, 0) € Dy g x Ty:

Pi(u,0)] < ————. 22
[P1(u,0)] < cosh(din)| (22)

As a straightforward consequence of this result one has:
A(u, ) = cosh™4(du)(1 + Py(u, 0)) Y YHeilE00, (23)

leZ

where P; and~ & are given in Theorem 2.2 and Y1 that are the Fourier coefficients of

the function k(7), are unknown. Of course, they depend on § and o although we do

not write it explicitly.

3. The Fourier coefficients Y. Next lemma deals with the exponential smallness of
YU when ! # 0:

Lemma 2.3 (Lemma 2.11 in Baldoma et al. 2016) Let YW, [ € Z, 1 # 0, be the
coefficients appearing in expression (23) of A. Take « as in Theorem 2.1. There exists
a constant M, independent of k, such that:

)T[ﬂ]’ < MO e ‘Tm) <M e WA, |l > 2.
K3+2/

Let us explain how we can get exponentially small bounds for Y!! when I # 0
from expression (23) in the easiest case: when £ (u, 6) = 6 + 8 'au, that is to say the
constants ¢ = Ly = 0 and the functions L = x = 0. Indeed, in this case

ZT[l]eilé’laueile S Au, 0) ‘
cosh?/4(du)(1 + Py (u, 0))

leZ
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Therefore, T[l]e”‘s_l‘” are the Fourier coefficients of a 2rr-periodic in 6 function and
we have that, for all u € D, g (recall that A(u, 0) is defined on D, g x T):

2
pll) _ it~ e 1 /” Au, 0) i1 4
0

2 cosh?/d(du)(1 + Py (u, 6))

Since this equality holds true for any value of u € D, g, wetakeu = uy :=n/(28)—«
when!/ > 0 and conversely u = u_ := —n/(28) +« when! < 0. Using Theorem 2.1,
we have that

|Alus, 0)] < | (s, )] + [} (s, 0)] < M8k
Therefore, using Theorem 2.2 to bound Pp, one has that
i) < K822/, —3=2/d ,—|l| (555 +a)
which is an exponentially small bound for Y when I # 0.
Of course, this is an extremely easy case, but it shows that it is crucial to have
quantitative bounds of the behavior of the parameterization of the invariant manifolds

at points O(§)—close to the singularities i /(2d).
To finish, we present the following result which deals with the average Y0l

Theorem 2.4 (Theorem 2.9 in Baldoma et al. 2016) Let Y1 be the average of the
function k(t) appearing in Theorem 2.2.

(a) In the conservative case, for all 0 < § < 8y one has Y0 = 0.
(b) In the general case, forall 0 < § < 8y and |o| < §o*

YOl =61 4+57(5,0), (24)
being I # 0 independent of 8 and o and J = J + O(8) given in (90) and (91) of

Baldomad et al. (2016), respectively.
In addition, there exists a curve

o =0l6) = 15 +06)
such that for all 0 < § < 8§y one has:
YO = 05, 60(8)) = 0.
Moreover, given constants ay, ax € R and a3 > 0, there exists a curve
o = 0:(8) = 00(8) + 082~ 75 ) (25)
such that for all 0 < § < 8§y one has:

YOI = YOS 5 (8)) = a 6@ 5 . (26)
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These are the results in Baldoma4 et al. (2016) we will use along this work. They
(among others) lead to the following result:

Theorem 2.5 (Theorem 2.14 in Baldoma et al. 2016) In the general case take |o| <
so*. Let Y101 = YI0N (& §) be the constant provided by Theorem 2.4. In the conserva-
tive case recall that Y101 = 0. Let 9 (u, 8) = 8 'ou + cd ™! [log cosh(du) — log §].

There exist constants Cy, Co such that, given To > 0, for all u € [—Ty, To] and
0 esS!

A, 0) = cosh%(du)T[O](l n 0(5))

67277 cosh? (du)ye™ 3% [c] cos (9 49, 8) — ad'Lolog 5)
+Cs sin (9 + 0, 8) —ad 'Lolog 5) + (9(1)},

where we recall that d = 1 in the conservative case.

This result is not an asymptotic formula for the difference in the singular case, but it
provides a (sharp) upper bound for A. Assuming the results in Theorems 2.1, 2.2 and
2.4 and Lemma 2.3, its proof consists in finding A, a good approximation of A by
means of suitable approximations of rf’s on domains containing points O(8)—close
to the singularities, at u = +im/(2d), of the parameterization of the heteroclinic
connection I' in (11), (12). Roughly speaking, Ag comes from a Poincaré—Melnikov
perturbation theory and only gives an asymptotic formula in the regular case, that is,
when p =¢q —2 > —2.

Let us explain why the classical perturbation theory does not work in the singular
(p = —2) case. Indeed, the approximations of r|"*, which we called r;;" in Baldomd
et al. (2016), satisfy that (see Theorem 2.4 in Baldoma et al. 2016):

(Ro) ™ risu, 0) =062, (Row)) ™ (> (u, 0) — rlss(u, 0)) = O(82P ),

Therefore, for p = —2 they are of O(1) when u = £ix/(2d)+O(8) and consequently
ri‘(’)s are not good approximations (in the relative error sense) of the parameterizations
ri"s anymore. In this paper, we look for suitable approximations of ril’s(u, 0) when u
is O(8) close to the singularities and p = —2 by means of the inner equation which
is introduced, and deeply studied, in the following section.

In fact, since we are in the real analytic setting, we only need to look for good
approximations for r}"s(u, 0) when u is close to the singularity iz /(2d). From now
on, we will restrict ourselves to these values of u.

To finish this section, we present the strategy we will follow from now on to prove
Theorem 1.1:

1. In Sect. 2.2, we deal with the inner equation. First we derive it, through suitable
changes of variables (u, 8) — (s, 0). After that we find two particular solutions of
the inner equation which we call v (s, 6) and v}, (s, 0), satisfying some asymp-

totic conditions. Finally, we shall find an asymptotic formula for their difference

Atin(s, 0) == Y (5, 0) — Yy (s, 0).
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2. In Sect. 2.3, we shall see that in suitable complex domains and after appropriate
scaling and changes of variables, V! (s, 6) and v/} (s, 0) are, respectively, good
approximations of the functions r{'(u, 6) and r} (u, #) defined in Theorem 2.1.

3. Finally, in Sect. 2.4, using the previous results, one can find an asymptotic formula
of A(u, 9) in terms of Ain(s, 9).

From now on, in the general case, we assume that |o| < §o.

2.2 The Inner Equation

The inner equation, Eq. (39), is an equation independent of é and o, which has the
dominant quantitative behavior of the partial differential equation (18) when u is O(§)
close to the singularity izt /(2d). In Sect. 2.2.1, we explain how to derive it. Afterward,
in Sect. 2.2.2, we deal with the existence of suitable solutions, wil;’s of this inner
equation, and finally, in Sect. 2.2.3, we study the form of the difference between them.

2.2.1 Derivation of the Inner Equation

We consider the following change of variables:

s=su) = u=u(s) = ZO_1 <l> , 27

1
8Zo(u)’ S8

where we recall that Zy(u«) = tanh(du).

Remark 2.6 The change (27) is well defined for u belonging to some sufficiently small
neighborhoods of i7/(2d). For instance, if u € DE; rand Imu > 77/(4d).

The usual inner change of variables would be §s = d(u —im/(2d)), see Baldoma
(2006), Baldoma et al. (2012). However we notice that, when we are close to it /(2d),

we have that
d i (du —in/2)3
=—(u-=)4+0—/—2L

and then, both changes of variables are close to each other close to the singularity
i/(2d).

We consider now r(u(s), ) = Ro(u(s)) +r|"*(u(s), 6) where r|"* are the func-
tions given in Theorem 2.1. It is clear that

Ro(u(s)) =

d+1) 1 _d+1( 1 )

2b 2 T2 5252
cosh”(du(s)) s (28)

1
r}l’s(u(s), ) =0 <m> .
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Consequently, it is convenient to introduce, for a function r; defined either on Dl‘j BT
or D} BT the new function:

U (s, 0) = 8%r1 (u(s), 0) . (29)

If there is not danger of confusion, we will omit the dependence on variables u, s, 0
assuming that ¢ is always evaluated in (s, 0).

Now assume that 7| is a solution of £°%(r}) = F°%(r;), where £°" and F°" were
defined in (16) and (17). Then v defined by (29) is a solution of the partial differential
equation:

—adpy +ddgy — 2571 = s 9gy + d8%s% 05 + SSFOUNGT2y).  (30)

We restate Theorem 2.1 in the new variables (s and ). Notice that the resulting
functions, "%, are defined in the restricted domain D; pT X T,, with:

1
—
3Zo(u)

u,s

’DE;T = {s eC:s=su)= € DK:}S,T N {Imu >

” 31)

&l

Theorem 2.7 Consider the functions ril’s, given by Theorem 2.1, and define:
YU (s, 0) = 82 (u(s), 0), (5,0) € Dy x Toy

satisfying (30). There exists M > 0 such that, for (s, 0) € DE;T X T,

u,s ﬂ u,s ﬁ u,s ﬁ
|W (S, 0)| E |S|3’ |asl// (S7 0)| S |S|4’ |891// (S, 9)' S |s|4'

Remark 2.8 To check this result, we use that, |8s] < K if s € DE:;’T.

The inner equation is Eq. (30) by taking § = 0. In order to see that 83 F°" (§~2y/)
is well defined for § = 0, we need to make some computations. Note that, since we
want to apply the results of Theorem 2.7, for |o| < 0 *8, we will also have that o = 0.
We define

d+1
p(W. 5,8) = 53/ 2(Ro(u(s)) + r1(u(s))) = \/ S (s e) 20 ()

One of the terms in 83 F°"(§~2y) (see (17)) is 8 F(8~2y) with F defined by (15).
Let us compute it:

SF(872Y) = SF(8(Ro(u(s)) + ri(u(s). 0). 0, 8Zo(u(s)), 8, 80)
= p(,5,8)[ cosOf (E(, s,8)) +sinbg(E (W, s, 8))]
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with £€(¢,s,8) = (p(,s,8)cosb, p(y,s, ) sinb, 8Zg(u(s)), s, 80). Note that,
applying the change of variables (27),

EW,s,8) = (p(W,s,8)cosO, p(r,s,5)sinb, s_l, 8, 680).

Analogously one can see that defining

F(,8) :=8F@72Y) = p(¥. s, 8)[ cos O (€ (1, 5, 8)) + sin 0 (E (Y, 5. 6))]

G, 8) =816 y) = m[coseg(w, 5,8)) —sin0f (E(Y, s, 9))]
HW,8) == HG2Y) = h(E(Y, 5, 8)), (33)
then
d+1

SFUE2Y) = 00> (Y, 5,8) + F(y, 8) + sTYH®W, 8)
(34)

— G, 8)opw + 52 <2b1p + AW, 5)) 3.

It is clear then that 83 F°U(8~2v) is well defined for § = 0. So the inner equation is
well defined.
To finish this section, we define the operators:

L) = —adptr +dogy — 25~ o, (35)
M. 8) = es~ 0 + 452200 + 00> (W 5.8) + F (. 8) + T L Ay, 6)
— G, 8 + s> (2b¢ + A, 5)) A5 (36)

Then Eq. (30), see (34) for the expression of 83 F°U(§~2yr), can be written as:
L) = M@, §). (37)

The inner equation is obtained by taking § = 0 in (37):

LWin) = M(Pin, 0) (38)
or equivalently:
~ adgin + Ay i — 25" Wi = e i+ F Wi, 0) + s~ A, 0)
— G (Win, 0 in + 5 (20%in + H Wi, 0)) A v (39)
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mu

Fig. 3 The domain Dﬂ - in the
s plane

Remark 2.9 As it was remarked to the authors by V. Gelfreich, the inner equation does
not depend on the unfolding X, , but on the initial Hopf-zero singularity H Z*.

Let us give more details. Consider system (3), thatis X, , after a order three normal
form procedure.

The first thing one observes is that the inner equation depends on f, g and & through
their values at 4 = v = 0, which corresponds to the normal form of order three of
H Z*. This is because the inner equation depends on F, G, H evaluated at § = 0 and
the relation (6) between f, g, h and f, g, h

Secondly, we perform the change of coordinates (8):

1
=+~2Rcosb, ¥y =+2Rsin0, 7=-

to HZ*. Call the new system Y*. Whenf =g=h=0andpu =v =0,7*
has a solution parameterizated by R = Ro(s) = —(1 + B1)/ (2y2s2). Notice that,
by expression (28) of Ry(u(s)) and recalling that 8 = d and y» = b, Ro(s) =
2
[8 Ro(s)]w:0
Finally, let

=Dt e = - 4E]

25t ShsZ + ¢(s,0)

be a solution of Y* parameterizated by (6, s) with ¢(s,6) — 0 as s — oo. Then ¢
has to satisfy the inner equation, Eq. (39).

2.2.2 Study of the Inner Equation
First, we introduce the complex domains in which Eq. (38) will be solved. Given

Bo, k > 0, we define (see Fig. 3):

Dg;‘ll( ={s € C : [Ims| > tan ByRe s + i}, D/lgr;)sk _ D:ﬁnolj( 40)
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Fig. 4 The domains DY BT

in,u
and D™ with & =k/2inthe u D
ok Bo,5

plane

~.
I
}

u

/4'7:B7T ﬁ

We also define analogous domains to Dgz)lj; in terms of the outer variables u:

b4
ng)‘;_{uec ‘Im (u—zﬁ)‘>tanﬁoReu+K8} 41)
and D“; S = Dg:) U Ttis easy to check that taking ¥ = « /2, where k is the parameter

defining the domains D} BT introduced in (14), and choosing an adequate 7 > 0,
1I1 u

then for all 0 < By, B < 7/2 and for § small enough one has that D" e T C Dgie

ll’lS

(see Fig. 4). Analogously, we also have that D} e p.T C D 0.
We will look for particular solutions ¢ and v of Eq. (38) satisfying:

lim [y (s, 0)] — 0, (s,0) € pin-us X Ty, (42)

Re s—Fo0 Bo.k

where we take the sign — for u and + for s. We will find these solutions by means of
a suitable right inverse of the operator £ defined in (35). More precisely, assume G is
such that £ o G = Id. If ¥, satisfies the implicit equation:

Vin = G(M (Wi, 0)), (43)

then clearly v, is a solution of Eq. (38). In other words, G allows us to write (38) as
the fixed point equation, Eq. (43). We now introduce the right inverse used in each
case: G, which will allow us to prove the existence of the functions ;" satisfying
(42). We shall refer to each case as the “unstable” one and the “stable” one because
we shall see, later on in Theorem 2.13, that each one approximates, respectively, the
unstable or stable manifold (more precisely, ¥" and v* defined in Theorem 2.7) in
some bounded subdomains of Dg"". and D", respectively.
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Given a function ¢ (s, 6), 2 —periodic in 6, we define G*° as

G (@)s.0) =Y () )", x=us (44)

leZ

where the Fourier coefficients G*['1 (¢) are defined as:

ila

s 677(10 s)
/ —d)m(w)dw, *=u,s
:F

2
(e’e] wd

[=7[ S

GMp)s) =s

where, we take —oo for the unstable case and +oo for the stable one. Here ¢[l] stands
for the / —th Fourier coefficient of ¢, and |’ ; - Mmeans the integral over any path included

in D}}“ "* such that Re s — Foo.
One can easily check that:

LoG" =LoG=1d. (45)

The following theorem states the existence of both functions % and 13 . Its proof
can be found in Sect. 4.1.

Theorem 2.10 Let By > 0 and k be large enough. Then Eq. (38) has two solutions
Vi and Vi3, defined, respectively, in Dﬁ - and Dﬁ =, such that there exists M > 0:

M M M
W;:{S(S,@N =< W’ |as1/f§1’s(&9)| =< W, |391/fil:{8(576)| < W

forall (s,0) € DE:)LLS x Ty. Moreover:

M
[yt (s, 0) — G5 (M0, 0) (s, 0)] < e (s,0) € D;SI:)UI(S % T,.

2.2.3 Study of the Difference Avrin = ¥y — ¥,

Once the existence of these two particular solutions of the inner equation, Eq. (38), ¥}
and v/ , is established, one can look for an asymptotic expression of their difference

Avrin = Y — ¥ . We will study this difference in Eg, ¢ x T,, where Eg, ¢ is the
domain (see Fig. 5):

Egy e = Dg:)lj( ﬂDg:)sK {s €C : Ims < O0}.
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Fig. 5 The domain Eg, ¢

T T

Bo,k

Subtracting Eq. (39) for ¥} and ¥ and using the mean value theorem, one obtains
a linear equation for A, of the following form:

—adp Ain + dds Avin — 257 Aty
= a1 (s, 0) Ain + aa(s, 0)ds Avin + (cs ™ + a3(s,0)) 0 Atrin,  (46)

for certain “small” (as |s| — oo) functions aj, a; and a3, which we will specify in
Sect. 4.2. Of course, a;, i = 1, 2, 3, depend on xpi‘l‘] and 1//isn, which now are known
functions. Since Ay, is a solution of (46), we first study the form that all solutions
of this equation have. Next we give the main ideas of how this can be done, which
basically are the same as in Section 2.4 in Baldoma et al. (2016) .

Let P™ be a particular solution of (46) such that P™"(s, 6) # 0 for (s, 0) € E Bo.& X

T,,. Then, every solution of (46) can be written as:
Atin(s, 0) = P (s, )K" (s, 6),
where k™" (s, 0) is a solution of the homogeneous equation:
— adgk™ + dagk™ = ar(s, 0)9:k™ + (es™' + az(s, 0))dgk™. (47)
First let us describe how we can find a suitable particular solution P of Eq. (46).

Since the functions aj, a» and a3 are “small” and cs—! is also small if we take |s]|
sufficiently large, Eq. (46) can be regarded as a small perturbation of:

—adg A + ddg A — 25 Ay, = 0.

This equation has a trivial solution given by P&“ (s,0) = s*/9. Thus, we will look for
a solution of the form P"(s, 0) = s*/4(1 4+ P["(s, 0)) where P[" will be a “small”
function. Note that, being Plin small, we will ensure that P™(s, 6) # 0 for (s,0) €
Eg, i x Ty. The rigorous statement of this result can be found in Proposition 4.8 of
Sect. 4.2.
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Now we shall sketch the study of Eq. (47). In fact, equations of the form (47) have
been studied in previous works. One of its main features is that if £(s, 6) is a solution
of (47) such that (§(s, 0), 6) is injective in Eg, ¢ x T,, then any solution ki (s, 0) of
this equation can be written as:

k" (s, ) = k™ (£ (s, 0)),

for some function I;i“(t).which has to be 2w -periodic in 7. To find &, one could
proceed as we did with P™. Indeed, since the functions a (s, 6) and s~ 4 asz(s, 0)
are “small”, one could derive that the dominant part of Eq. (47) is given by:

— adpk™ 4 ddk™ = 0. (48)

A trivial solution of (48) is given by: &y(s, 6) = 6 + d~'as, and thus we could expect
to find a suitable solution of (47) given by & = &y + &, where & is supposed to be a
“small” function.

However, as we shall see in Sect. 4.2, this is not quite accurate. Nevertheless, to
some extent it summarizes the underlying idea of the proof. In fact, we will see that
the dominant part of Eq. (47) is:

— adgk™ + dagk™ = dLos ™ 9k™ + cs gk, (49)

where L is the constant given in Theorem 2.2. This constant is closely related to the
function a; (s, 0). Indeed, in Lemma 4.4, we will see that:

a2(0)
N

ax(s,6) = +0(s72),

and dLg is the average of a;(6). Note that the function &y defined as:
£0(s,0) =0 +d 'as +d " (c +aLg)logs,

solves (49) up to terms of order s 2. Thus, the particular solution &, that we will use
is &n = &p + ¢ where ¢ is a function that is “small” when |s| — oo. This result is
contained in Proposition 4.6 of Sect. 4.2.

All these considerations lead to the following result.

Theorem 2.11 Consider the difference: Ay = Vi — V3 defined in € Eg) i x Ty,
It can be written in the form

Ain(s, 0) = P (s, Ok (Ein(s, 6), 0)

where the function kK" (t)is a2 —periodic function, P™ is a particular solution of the
PDE (46) and &, is a solution of the homogeneous PDE Eq. (47) such that (€, (s, 0), 0)
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is injective in Eg, i x T,. They are of the form

Bh) =) e’ P 0) = 5740+ P s, 0)),
1<0
Ein(s,0) =0 +d 'as +d ' (c+aLo)logs + ¢(s, 0)

with Ti[ri], Plin and ¢ satisfying that there exists M > 0 such that ‘Ti[ri]‘ < M and, for
(5,0) € Egy e x T

M in M in M
lp(s, O)1, 1950(s, O)] < s [P (s, 0)] < ok |05 Py (s, 0)] < e (50)

The proof of this theorem is given in Sect. 4.2. Let us note here that, as an straightfor-
ward consequence of this result:

AVin(s.0) = s29(1 + P"(s,0) Y Y{leitén(s0), (51)
1<0

Corollary 2.12 There exists a constant M such that, if 6 € Slands € E Bo.i» then
|AYin(s, 0)], |95 Ain(s. 0)] < M|s|*/4em &m0,

Proof We only need to note that Im&;,(s,0) < 0 for (s,0) € Eg, i x St if i is

sufficiently large. Then we use formula (51) that ‘Ti[rll]‘ < M and bounds (50) as well.
O

2.3 Study of the Matching Errors ¢} and ¢}

In this section, we shall show that the functions ;! and v found in Theorem 2.10
approximate the functions ¥" and v*° defined in Theorem 2.7, in some complex
subdomains of ’D:; % and Dm *_, respectively, which, when written in the (u, 6) vari-
ables, correspond to domalns close to the singularity i7r/(2d). Let us first define these
domains. Recall that, if « = u, s, ¥*(s, 6) = 8%r [ (u(s), 0) (see (27) for the definition
of the change u(s)) and that r are defined in the domains D} e BT X T, (see (14) for
the definition of these domains), where « satisfies condition (19) and B is some fixed

constant. Take B, B> two constants independent of § and o, such that:

O0<Br<B<pBr<m/2.
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RS S t (ﬁ - 5'%)
T 5#) :
‘5“‘"7“ >
x T “rymch,s
mchu | T2 e T MR B, B
w:P1,82 sl . Bl Biy
(a) (b)
. . mch,u mch,s mch,u mch,s
Fig. 6 The domains DK’/31 B and DK Bl By 2 The domain D, BLoBa . b The domain DK B1.Ba

Fix also a constant y € (0, 1). We define the points u; € C, j = 1,2 to be those
satisfying (see Fig. 6):

Imu; = —tanBjReu; —i—;—d —dk, Reu; <0, Reup >0
‘u] —i (;—d—&c)‘ =67

Then we define the following domain (see Fig. 6):

(52)

b
D,'Tg:%z {u € C :Imu < —tan B1Reu + — — d«,

2d

b4
I < —t R — — bk,
mu < an eu+2d K

Imu > Imu; — tan <w> (Reu —Reul)}.

Note that Dm%h ‘73 is a triangular domain, having its vertices at u1, up and i (7 /(2d) —
dx). We also define:

mch,s . = mch,u
D g'p = fueC: —-ue Dx,ﬂl,ﬁz}'

One can easily see that, taking k = « /2, one has (see Figs. 4 and 6):

Dmch,u in,u Dmch,s in,s

u S
by © Diepr C Dgizs Depglpy © Depr © Dgois

with D!
(41).
Finally, we define the following domains in terms of the inner variable s:

«p.r defined in (14), D ; = =D} ; ; and Dg:)lfz and Dg:)} were defined in

h, h,
DY ={seC: zﬁ—i—Bd DML x=us. (53)
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One also has that for k = x /2 and taking ¢ sufficiently small:

mch,u in,u mch,s in,s
Dk,ﬁ1,ﬁ2 C Dﬁo,f?’ DK’ﬁl-ﬂZ C Dﬁo,f?’

where Dg:)‘fz and Dg;s,? were defined in (40).
We will also denote:

sjzg(,-—i;—d), i=1,2, (54)

with u1, u defined in (52). It is clear that, there exist constants K, K» such that:
K87 < lsjl < K877 =12, (55)

mch, _ .
and that for all s € DK,Bl,ﬂz’ % = u, s, we have:

kdcos B < |s| < K87 1. (56)

Next goal is to see how well the functions wi‘;’s approximate ¥'* in the matching

domains Dg‘g}‘;; x T,,. To that aim, we recall the definition of the matching error:

Yi(s,0) =", 0) — Yip (s, 0),  Yi(s,0) == Y0(s, 0) — Y (s, 0). (5T)

We stress that Theorems 2.7 and 2.10 yield directly the existence of 1//11’5. On the one
hand, " (s, 0) is defined for s € D, BT (see (31) for its definition) and v} (s, ) is

defined for s € DE‘OL,‘( (see (40)). Then, since

mch,u u in,u
Depips C Pepr C D

one has that ¢]' = " — ¥ is defined in D,I:]%?L;gz On the other hand, Theorems 2.7
and 2.10 also provide us with a non-sharp upper bound for these functions of order
O(]s|™3). In the following result, we prove that, restricting ¥i and ¥ to the smaller

domains D,znlcg};‘;z and D;nfgl:";gz, respectively, we can get better upper bounds for them.

Theorem 2.13 Let ) and v} be defined in (57). There exists M > 0 such that:

— . h,
|W1*(S,9)| SMS] Y|s| 2 SGD;I:?/CSI,TSZ *=u,s

The proof of this Theorem can be found in Sect. 5.
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2.4 An Asymptotic Formula for the Difference A = r{' — r}

We shall use the information obtained in the previous subsections to find an asymptotic
formula for A = r}' —r} by means of the Ay, = /{f — 3 . As we pointed out in (23),

A(u,0) = cosh™4(du)(1 + Py (u, 0)) Y Y00, (58)
leZ

with P; and & the functions given in Theorem 2.2 and T[l], the Fourier coefficients
of the function (), which are unknown. They depend on § and o. Recall that in the
general case, we assume that |o| < §oy.

We shall look for a first asymptotic order of A of the form:

Ao(u, 0) = cosh®(du)(1 + Py(u, 0)) | YOV 4 Y yllleité@m ) = (59)
10

for certain T([)l] to be determined. Some remarks about the choice of Ay we have made:

e We stress that Y% is the same coefficient (depending on § and o) appearing in (23).
From Theorem 2.4, we know that in the conservative case the coefficient Y9! is
zero, while in the general case it can be made zero (or exponentially small) with
the right choice of the parameter o as a function of § (see expression (26)).

e Notice that by Lemma 2.3 the coefficients Y[/l are exponentially small with respect
to 8. This result hints that, disregarding the coefficient Y% the dominant term
of A(u, 0) is determined essentially by the coefficients Y"1 and Y= in expres-
sion (58). As we will see after we choose the appropriate TU], the same will happen
to Ag which will have the coefficients T(gl] and T([)_l] as dominant terms in (59).
However, just for technical reasons, we have preferred to include all the Fourier
coefficients in the asymptotic first order Ag.

e It is proven in Lemma 2.3 that the coefficients Yl = O (§727%/ de=33% ) when
[ # 0. In fact they are smaller if |/| > 2. For this reason, when [ # 0, we expect
T(gl] =0 (S_Z_Z/de’%) at least.

e We only need to deal with Y with / < 0 and then define T\' = Y}, for/ > 0,
to make A a real analytic function.

e As we pointed out in item 3 in Sect. 2.1.3, to obtain exponentially small bounds
for A(u, 0) — Ag(u, 0) for real values of u, we will need to evaluate our different
functions atu = i(;r/(2d) —« &). Roughly speaking, what we need is to guarantee
that, with the appropriate choice of T([)l],

Alus,0) — Aolu, 0) = 0 (Ao(us. 0)).

In what follows, we will give some heuristic ideas to explain how to choose the
coefficients T(gl] with [ < 0. For that we assume that the function P; = 0 and that the
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function £ in (20) is
Eu,0) =0 +8 'au+d ' (c +aLo) logcosh(du) + L(u). (60)

That is the function x = 0.

Remark 2.14 We want to emphasize here that there is no attempt to be rigorous but
to give some intuition about why our choice of T(gl] could be the good one. Later, in

the proof of Proposition 2.15 in Sect. 3, we will see that the choice of T([)l] we shall
make provides indeed an asymptotic first order Ag(u, 0) of the difference A(u, 6).

Note thatu € D,[Cngl“zz N D™, In this region, as a consequence of Theorem 2.13,

©.B1.P2
the functions | and r} are well approximated by v} and v , respectively, the solutions

of the inner equation, Eq. (39) given by Theorem 2.10. More precisely:
M 0) & 8T 5w, 0), we DG, N DG,

where the change s (1) = 1/[8 tanh(du)] is defined in (27). Since A (u, 0) = r{'(u, 6)—

S mch,u mch,s
ri(u, ), one expects that, for u € Dm‘il,ﬂz N DK’ﬂ]’ﬂ2

A, 0) = Ain(u, 0) := 82 (s(u), 0) — 8729 (s(u), 0). (61)

Now, by expression (51) of Ay, = ¥} — ¥ we have:

Ain(, 6) = 8722wy (14 P (5), 6)) 30 ThleitinC@d - (62)
1<0

where Ti[li] are constants independent of § and o and &;;, is defined in Theorem 2.11.

In this heuristic approach, we make the same simplifications for Aj, as the ones for
A. That is, we will assume that P{" = 0 and that

(63)

En(s(). 0) = 6 +d " as(u) + d~' (¢ + aLg) log ( cosh(du) ) .

6 sinh(du)

A necessary condition to guarantee that approximation (61) holds true at u = u is:
5*2s2/d(M_F)T.[l]eilfin(S(mf)ﬁ) A Coshz/d(du.,_)T[l]eils(”*’e) 1 <0
m ’
or equivalently
T~ 52524y, Coshfz/d(du+)Ti[Ill]eil(éin(s(u+),9)f§(u+»0>), 1 <0. (64)
Now we estimate the right-hand side of (64). First we notice that by Remark 2.6

s(uy) = —idi + O%63). (65)
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Moreover subtracting expressions (63) and (60) of &, (s(u), 6) and &(u, 0), respec-
tively, evaluated at u = u and using (65) for s(u4), we have that

Ein(5(114). 0) = £(u:.0) = —i = — ™ (c + rLy) log(8 sinh(du-))

—aL(uy) + O5%k?)
Secondly, we observe that, on the one hand,

cosh(duy) = ddk + O(8k?)

66)
log sinh(duy.) = log | sinh(du.y )| + i% - i% +O (5%2) , (
and on the other hand, by Theorem 2.2, the following limit is well defined:
Ly = limﬂ L(u). (67)

u—1i 2d

Therefore, since by (21) |L'(u)| is bounded, from (64) and dismissing the high-order
terms:

I A 5—2—2/d(_l~)2/dTilIi]ed—l (c+aLo)(—illogd+iF)—ilaLy JI5F | 0.
This concludes the heuristic approach and now we define:

T([)l] = 8_2_2/d(—i)2/dTiEi]€d_l(C+aLO)(_il10g5+l%)_ilaL+el%, l < 0 (68)
Since A(u, ) is real analytic, Y = Y-/, Thus, we define:

1] . ~rl=1]
Ty =Y )
_ 87272/dl~2/dTi[n—l]ed’l(c+aL0)(7il]ogéfl%)filaL+efl% [>0.

Of course, to prove that Ag in (59) with the choice of T([)l] provided in (68) and (69)
is the first order of A, we need to see that: A := A — A is smaller than Ag. To this
end, let us write

A, ) = cosh ()1 + Py, ) Y- (11 = xT) 0O (70)
=1

By Lemma 2.3 and formulae (68) and (69), it is clear that, generically, the terms
involving Y1, T(gl] with || > 2 are smaller than A (observe that Ag contains the

largest terms T([)i”). The following result states that the terms Y#!11 — T([)iu are also
small. Its proof can be found in Sect. 3.
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Proposition 2.15 Let k = kolog(1/6§), with kg > 0 any constant such that 1 — y >
ako. Let T(gi]] be defined as (68) with | = —1 and (69) with | = 1, respectively. There
exists a constant M such that:

yiEn ) Mo g
K

where we assume that, in the general case, |o| < 8c*. Recall that d = 1 in the
conservative case.

Using this result and formulae (68) and (69) of T[l], we can prove:

Theorem 2.16 Let 0 < § < &y. In the general case take |o| < So*. Let YOl =
Y% (o, 8) be the constant provided by Theorem 2.4. In the conservative case, recall
that YO = 0. We introduce:

9 (u,8) =8 'au +d ' (c + «Lg) [logcosh(du) — log 8] + aL(u),
where Ly and L(u) are given in Theorem 2.2. Define the constant C* as:
C* = C} +iC) 1= 2(—i)aL Nemd ctalo) g +ialy

where Ti[; 1 appears in Theorem 2.11 and L is defined in (67). Then there exists
Ty > 0 such that for all u € [—Ty, Tol and 6 € S!

Au, 0) = cosh?4(du) T (1 + O©))

+ 67277 cosh¥?(duye— 5% [CT cos (9 + D u, 8))

* L 1
+ C5 sin (@ +l9(M’5)) +0 (m) i|7

where, we recall that d = 1 in the conservative case.

Proof Let k = kglog(1/§), with k9 > 0 any constant such that 1 — y > akgp. On
the one hand, using Lemma 2.3 to bound |TU]| for [ > 2, formulae (68) and (69)
for T(El], Proposition 2.15 to bound | Y#! — T(giul and the fact that &£(u, 0) € R for
(u,0) € [—Tp, To] x S itis easy to see, from expression (70) of A; = A — Ay, that

-2-2/d
|A1(u, 0)] < K cosh?%(du)|1 + Py (u,6)] e 30
K
Since, by bound (22) of P;, we have:
Ké
[Pr(u,0)] < —————— < Ké, foru e [T, Tp] (71)
| cosh(du)|
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and this yields (renaming K):

§—2-2/d
|A1(u, )] < K cosh?4(du) ————e™ 20 . (72)
log(1/6)

On the other hand, by definition (59) of A¢ and since Tol] TO ,

Ao(u, 0) = cosh?4(du)(1 + Py (u, 0))
[T[O] +2Re (T[ 1,-i&, 9)) +0(5—2 2/d _7)]’

where T(gfl] is given in (68) with / = —1, and £ is defined in (20). Then one has:
T[ H,-i6w.0) _ 5=2-3,~5% %e 10+ @8+ w,0))
with:
C* — 2(_1-)%Ti[n—l]e—d*l(c-ﬁ—ozLo)%-i-iaLJr.
Using Theorem 2.2, one has that, if u € [—Ty, To] then |x (u, 0)| < K§, so that:

Y migmo) — 5=2- fe~ 2d562 @) (1 4 O(s)).

Then, using also bound (71) and the fact that Y!! = T~[1I, we obtain:
Ao(u, 0) = cosh®4(du) Y (1 + O))

+ cosh?/4(du)s 2~ G~ 5 |:gei oo 4 & i WW*‘”} (1+ (9(5))(.73)
2 2

Finally, we only have to note that:

C* io+ow.s) n C —io+p sy
2 2
=ReC*cos(0 + ¥ (u, 8)) +ImC*sin(8 + 9 (u, §)),

so that using bound (72) of Ay, expression (73) of Ag and the fact that A = Ag+ A
we obtain the claim of the theorem. In the conservative case, we take into account that
d =1 and Y% = 0 by Theorem 2.4. O
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Fig.7 The curve o = af (8)*
and the wedge-shaped domain
W* around it. For values of j, v
inside this open domain, X 1 o= ot (6)
has two transversal heteroclinic
orbits while if w, v belongs to <~ o =o0,(9)
{Iv] < Br/mI\WUS there are
no heteroclinic intersections

W ={o*(8) <o <ot ()} 5

Corollary 2.17 Take Ty > 0, and 0 < § < 8g. Consider the curve Uf (8) given in

Theorem 2.4. Take the constants afc ==+,/(CH2+ (5?2 >0, aéc = —-2-2/d and

613i = «. Define af (8) as the curves in Theorem 2.4 corresponding to these constants.
Consider the wedge-shaped domain around af (8) (see Fig.7):

W :={(8,0) eRP0<8 <8y : 0, (8) <o <0, (8))

in the parameter plane. Then, for (§,0) € W¥*, and for fixed u € [—Ty, Ty), the
function A*(0) = A(u, 0) is exponentially small and has two simple zeros which
give rise to two transversal heteroclinic orbits between the points S+ (8, o). Moreover,
for (8,0) ¢ W+, A*(0) has no zeros and therefore the two-dimensional stable and
unstable manifolds of S+ (i, v) do not intersect.

Proof This corollary is an easy consequence of the implicit function theorem applied
to formula A(u, 6) = 0 given in Theorem 2.16 and using that, for (8, o) € W*, one

has that
T < Je2 2o 2 i 5

O

Remark 2.18 Theorem 2.16 and Corollary 2.17 yield straightforwardly Theorem 1.1
and Corollary 1.3.

The remaining part of this work is devoted to provide the proofs of the results in
this section. We present first, in Sect. 3, the proof related to the exponentially small
behavior of A(u, 6) in Proposition 2.15, assuming that all the previous results in
the present section hold true. After that we deal with the results related to the inner
equation in Sect. 4. Indeed, first, in Sect. 4.1, we deal with the existence and properties
of the solutions ¥, of the inner equation and secondly, in Sect. 4.2, we prove the
asymptotic expression for the difference Ay, = ¥} — ¥ stated in Theorem 2.11.
Then, in Sect. 5, we measure the matching errors wi"s(s, 0) for s belonging to the
matching domains s € D,TCh”“’S.

All the constants that appear in the statements of the following results might depend
on &%, &g, o*, k* and k¢ but never on 8§, o and «. We assume that §*, §p and o*
are sufficiently small, and «*, ko are large enough satisfying condition (19). These
conventions are valid for all the sections of this work. As in the previous work Baldoma
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et al. (2016), we shall skip the proofs that do not provide any interesting insight. For
these proofs, we refer the reader to Castejon (2015).

3 Exponentially Small Behavior: Proposition 2.15

This section is devoted to prove the asymptotics for Y[*11 given in Proposition 2.15.
To prove this result, we will assume all the results in Sects. 2.1, 2.2 and 2.3.

We first begin with a result which relates the functions & (i, 6) and &;, (s (1), 0), given
in Theorems 2.2 and 2.11, respectively, when u is close to the singularity iz /(2d).

Lemma 3.1 Let « be sufficiently large, L the constant in (67), u+ =i (% — 8/()
and s(u) = [6Z (u)]’1 the function defined in (27). There exist two functions o(6)
and n(0) and a constant M satisfying:

M
sup |e(0)], sup [n(@)] < —,
peS! feS! K

such that:

1. The function &(u, ) in Theorem 2.2 satisfies

E(uy,0) — 0 = i;% —iak +d V(¢ + aLo) log(kd) + aL+ + 0(6).

2. The function & (s(u), 0), given in Theorem 2.11 is related to &(u, 6) by:

Ein(s(uy). 0) = &y, 0) —i%

—d Y +aLo) (10g8 n z%) —aLy +1().
Proof By definition of & in (20) and recalling that u =i (Z”—d — 8k),

E(uy,0) —0 = i% —iak +d"'(c + aLo) log(cosh(du))

+otL(u+) + X(I/l+, 0).

By Theorem 2.2, for all u € D g, |L'(u)| < K and |x(u, 0)| < K 8| cosh(du)|~".
Then, by definition (67) of L and using expression (66) of cosh(du):

P:.|>q

ILuy) — Lyl < Kék,  [x(u,0)] < (74)

The first item follows using again (66).
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Now we prove the second item. By using definition of &, in Theorem 2.11 as well
as that s(u) = 1/[6 tanh(du)] one obtains

En(s(), 0) — E(u, 0) = a(d™'s(u) — 8 'u) — d~" (c + @Lo) log( sinh(du))

(75)
—aL(u) +e(s),0) — x(u,0).

We evaluate (75) at u = u. As we pointed out in (65) and (66):

d s uy) — 8 uy = —i% +O@E%3),  log(8sinh(du)) = log s + i%.

In addition, by Theorem 2.11 and using also expression (65) of s(u4), we have:

K
lo (s(u+), 0) | < -
K

<
T lsQup)l T

Then, by (75) and using bounds in (74), we obtain readily:

6in(s(u4),0) = £(us,0) — i > —d™ (c + L) (logs + z%) —aLy + 1),

2ds
with:
1O) = ¢ (s(w), 0) + Llus) = Ly = x(ur.0) + O (8%7).
Clearly, |n(0)| < K/« for some constant K. m]

Proof of Proposition 2.15 Since A(u, 0), Ao(u, 0) are real analytic, we just need to
prove the result for TI=1 — T([)_l].
Rewriting expression (70) of A; = A — Ag one has

Aj(u,0) =3 (1 = ), (76)
cosh?4(du)(1 + Py (u, 0)) 120 0

with &(u, 0) defined in (20). We introduce the function

F(u,0) = 8a" " (&, 0) — 0).
By Theorem2.2, (§ (u, 0), 0) isinjectivein D, g x T, then (F'(u, 0), 6) is also injective
in the same domain. In particular, for all (#,0) € D, g X S!, the change (w, 0) =

(F(u, 0), 0) is a diffeomorphism between D, g x S! and its image l~),(, B X st with
inverse (u, 0) = (G(w, 6), 0). Then, if we define the function:

g(w7 0) — Z (T[l] _ T(gl])eil(6+571()lw)’
[1=1
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by (76), one has that:

A1(G(w, 0),0)
cosh?4(dG (w, 0))(1 + P (G(w, 0),0))"

E(w,0) = (77)

Note that &(w, 0) is 27t —periodic in 6, and its Fourier coefficient £~ (w) is:
g[—ll(w) — (T[—ll _ T([)—l])e—ié_law'

Hence we know that for all w € Dy g:

2
elaw [ ey, e)e’Gde‘

- 1
-1 T(g 1]‘ _
2 0

(78)

< ‘eié’law

sup |E(w, 0)] .
feS!

For any 6y € S!, we take w = wy = F(uy,bp) = da~ ' (E(us, 60) — 6o) € Dy g
with uy =i (5 — «8) in (78). Then (78) yields:

¢! EWU+00=00) | qup |E(w, 0)]. (79)

‘T[—l] _ T(E—I]‘ <
feS!

Since (F'(u, 0), 0) is the inverse of (G(w, 0), 6), from (77) we obtain:

Ar(uy,0)

o) _ .
E(wy, 0) cosh?d(duy)(1 + P (us, 6))

Thus, using bound (22) for Py, that |cosh(duy)| > Kk, and taking « sufficiently
large, bound (79) writes out as:

K
e ImEW60) qup | Ay (uy, 6)]. (80)

-1 [—1]
(=1 0 = 2 2
Sdgd feS!

By item 1 in Lemma 3.1 and since Loy € R (see Theorem 2.2) we have:

Im £ (s, 6p) = % —aK +O(1) (81)

Therefore, since k = ko log(1/8), bound (80) writes out as:

=1l < X % A 0 82
0 = ) e sup | l(u-‘rv )| . ( )
§aTek0 Jogd (1/8) fes!

Now we claim that there exists a constant K such that for all 8 € S!:

—24akg

|Ar(ut, 0)] = K (83)

2
kl~a
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Clearly, using (83) in (82) and recalling that k = ko log(1/§) we obtain the claim of
the proposition (in the conservative case we just need to take d = 1). Hence, the rest
of the proof is devoted to prove bound (83).

To prove (83), we rewrite Aj(uy,0) = A(uy,0) — Ag(uy, 0) in the following
way:

Aj(ug,0) = A(ug, 0) — Ain(u4, 0) + Ain(uy, 0) — Ao(uy, 0). (34)
First we bound A (u4, 0) — Ajn (44, 0). We have:

A, 0) = Ain(u, 0) = ri'(u, 0) = ri(, 0) = 572 [Ui(s00), 0) = ¥iu (s(w), 0)]
=672 [l (s (), 0) — Yis ), )],
where we have used that by definition ri"s(u, 9) = 5_21ﬂu’s(s(u), 0) and Ipi.l,s _

YUs — yr*. Thus, using that [¢}"*(s, 0)| < K§'77|s|~2 by Theorem 2.13, it is clear
that:

K
5717 < =571, (85)

A(up,0) — A; ,0)| < =
[A(uy, 0) in(u,0)] |s(u+)|2 B

where we have used that, by (65) [s(u4)| = dx + O(82k3).
Now we shall bound Aj,(u4,60) — Ag(u4, 6). Recall definition (59) of Ap and
expression (62) of Ajy:

Ao, 0) = AF (. 0) + AGO (. 0)

= P(u,0) <T[0] + Z T(gl]eilé(u,ﬂ) + Z T(gl]eilé(u,e)) i

>0 1<0

Ain(u, 0) = 677 Pin(s(u). ) ) Yiplel im0
1<0

with
P(u,0) = cosh®(du)(1 + Py (u,0)),  Pu(s,0) = s¥4(1 + Pi"(s,0)). (86)

We introduce the following notation:

Fu,0) = sa~! (g(u, 6) —6 +d~'(c+aLo) (— log§ — l%) - aL+> :

. — s (& o4t
Fin(u,0) = 80" (Ein(s(u). 0) = 0 +i527)

Then, by definition of (68) of Y\, if I < 0, one has that

(—i)?/4 U] 1% il(0+as~ Fu.0
Yl elags (i1 O+ad ™ F@.0) - (87)

1] ilew,0) _
Ty'e = Ts242/d in
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and

jem

Ti[é]eiléin(s(u)ﬁ) _ Ti[é]e s ei1(9+a5*1ﬂn(u,9))’ I <0. (88)
Therefore, from (87) and (88), we can rewrite A§O and Aj, as:

Ago(u, 0) = (_i)Z/d5—2—2/dp(u’ 0) Z Ti[ri]el%eil(6+a8*1F(u,e))’
1<0
Ain(ut, 0) = 572 Pin(s(u), ) Y Yhlel 55 o110 +ed™ Fintu.0))
1<0

We will not bound |A§O (u, 0) — Ajn(u, 0)| directly. First, we will study the differ-
ence |A§O(u, 0) — Ain(f(u, 0), )|, where the function f (u, 6) is defined through:

Fin(f (u,0),0) = F(u,0). (89)

To see that f(u,0) is well defined, we proceed as follows. Since (&n(s, 0), 0) is
injective in Eg, ¢ x T, one has that (Fi,(u, 0), 0) is also invertible in s7! (Eﬁo),;) X
Ty C Dy,p x Ty, choosing k and k adequately. Let (Gin(w, 6), 0) be the inverse of
(Fin(u, 6), 0). Then the function

f@.0) = Gin(F(u,0),0),
clearly satisfies Eq. (89). We emphasize that, by (87) and (88):

Ain(£0,0),0) = 8 Pun(s(f u, 0)), 6) Y T 5 1048 P
1<0
_ 8*9Pu(s(f(u,6)),6)

<0
)9 PGu,g) L0 0

All these considerations yield to the following decomposition of Aj, — Ag:

Ain(u, ) — Do, 8) = Ain(u, 0) — Ain(f (u, 6),0) — AF (u, 0)
~ (=)2/4P(u, 6) ) (90)
824 Pin(s(f (u,0)),6) )

+ Ain(f (u, 0),6) <1

Now we proceed to bound each term in the above equality for u = wu.. For that
we need a more precise knowledge about f(u4,0) = Gin(F(uy,0),0). First we
compute F(uy, 8) which, straightforwardly from Lemma 3.1, is:

Fluy,0) = i;—d — 8k + O@Blogk) = uy + OB log k).
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Now we deal with Gi,. By Remark 2.6 about s () and using definition of &, (s, 0) in
Theorem 2.11

Fin(u,0) = u+ alsd™! (c + aLo)log(s(u))
o 80(s), 6) + O ((du — in/2)3) .

consequently, since by bound (50) of |¢(s, 0)| < K |s|_1, we have that
. 3
Fin(ut, 0) = u + 80 (log(s () + O ((du —in/2) ) .
Therefore, the inverse (Gi, (w, 6), 0) of (Fix(u, 0), 0) also satisfies
. 3
Gin(w, 0) = w + 50(og(s ) + O ((dw - iw/2)*)
Recall that s(u4) &~ —idk (see (65)). It is clear from the above considerations that
[f(us,0) —uq| < Kdlogk. on

In fact we have a sharper bound of | f (u4, ) — u4|. Indeed, on the one hand, using
item 2 of Lemma 3.1

N 1) _
|F (s, 0) = Fin(uy, )] = —In(us, 0)] < Kdc :
and on the other hand, using (91) and the mean value theorem as well, one has that
1
[ Fin(f(u,0),0) — Fin(uy, 0)] > Elf(u+, 0) —u4l
if « is sufficiently large. Therefore, since Fi,(f (u, 6),0) = F (u,0):

|y, 0) —ui| <20F(uy.0) — Fin(uy,0)] < Mk~ (92)

Once we have bounded f (u4, 0) — uy we bound Aj, (44, 0) — Ain(f (uy, 0), 6).
We claim that, for u) = uy + A(f(uy,0) —uy), A € [0, 1],

|00 Ain (3., )] < K83k 9e% 93)
Indeed, by definition (61) of Aj,, using Corollary 2.12 and that 9,,s (1) = —8 mzf];‘(‘;u)
one obtains:
|9 Ain (11, 0) ] = 872 |35 Atin (s (1), 0) 3y (1)
|S(u)|2+2/d (94)

< K(S—lelmsin(s(“)»e) 7 .
| cosh”(du)|
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We have to control the terms in the above inequality when u = u;,. By (92), we
have that u) = u4 + Ok ~Y). Therefore, by expressions (65) and (66) of s(u4) and
cosh(du4) one obtains:

Is;)| = O(x),  [cosh(u)| = O(«k3).
Moreover,

1 K
[Im &in (s (), 0) — Im &jn(uy, 0)| < /0 [05Im &in (s (145.), 0)]10,s (u3)| dA < P

Then, by item 2 of Lemma 3.1 which relates &, (s (u), ) with £(u4, ) and expres-
sion (81) of Im &(u, 8) one gets:

Im & (s(u1), 0) = —iak — Im [dl—(c +alo) <10g8 + 1%)] +O(1)
= —iax + O(),

(95)

where in the last equality we have used that Ly € R (see Theorem 2.2). Bound (93)
follows from (94) and previous considerations.
By the mean value theorem and using bounds (93) and (92)

5_2 8—2+a/(0
[Ain(u, 0) — Ain(f(ug,0),0)] < Kme_ak = KW (96)

where we have used again that x = ko log(1/6).

Now we deal with Ago, the second term in the decomposition (90) of Aj, — Ayp.
On the one hand, we recall that in the conservative case YOI = 0, and in the general
one we take 0 = 04(68), so that: |T[O]| = |a1|8“2e_%, for some aj, ap € R and
az > 0. On the other hand, from definition (69) of T([)” and the expression of £(u ., 0)
in Lemma 3.1 one has that:

T(gl]eilg(u+,9) ‘ < K§~2-2/d,~1(F —ax—M)

for a certain constant (independent of k) M. Hence, using definition (86) of P, that
| cosh(duy)| < Kék, bound (22) of P; and that x = ko log(1/§), we obtain:

|A§O(u+, 0)| < K(8/<)% <|a1|3“28_% + 5—2—2/d—akoe—°c%), o7

where we recall that a3 > 0.
We finally deal with the third term in (90). Using definitions (86) of P and P;, and
expressions (65) and (66) of s(u4) and cosh(du ) one readily obtains:

‘ (=)4P(u, 6) K
1— <=
824 Pn(s(f(u,0)),0)| ~ «
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In addition, by Corollary 2.12
|Ain(ut, O)] = 82| Ain(s (), )] < K|s(up)|P/demEinGue) < g5=2,2/dpman

where in the last inequality we have used expression (95) of Im &, (s (), 6). There-
fore, since k = k¢ log(1/4) and using also bound (96)

(—=)*4P(u, 0) 52
_ - .
82/ Py (s(f(u,0)),0)| = k1-2/d
8724»0()(()

—oK

|Ain(f(uy,0),0)] |1

(98)
=K 1-2/d
In conclusion, using bounds (96), (97) and (98) in (90) we obtain:

—24akg

|Ain (4, 80) — Ao+, )] = K——
K~ d

Using this bound and bound (85) in (84), we obtain:

5—2+0H<()

K __,_
ALy, 0)] < =671 4 K
K2 Kl—a

Then we just need to recall that 1 —y > ax( by hypothesis, so that §7177 < §=2+ax0,

and we obtain bound (83). O

4 The Inner Equation: Theorems 2.10 and 2.11

In this section, we present an exhaustive sketch of the proofs of Theorem 2.10, in Sect.
4.1 and Theorem 2.11 in Sect. 4.2. We refer to the interested reader to Castejon (2015)
where all the details are provided.

The inner equation was introduced in Sect. 2.2.1 in (38) as L(Vin) = M (Wi, 0).

4.1 Existence and Properties of ¥, **
In this section, we will prove Theorem 2.10. As we pointed out in Eq. (45), the
operators G"* defined in (44) are two right inverse of the linear operator £ (see (35)

for its definition). Thus, the inner equation, Eq. (38) can be written as the following
fixed point equations:

Y = MUS (), (99)
where:

MUS(p) = G o M(9, 0), (100)
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and M is defined in (36). The proof of Theorem 2.10 relies on proving that both
operators, M and M3, have a fixed point in a suitable Banach space.

In Sect. 4.1.1, we define such Banach spaces (for the u, s case, respectively) and
provide some technical properties of the operator G** and the functions F,G, H
(defined in (33)) and their derivatives that will be also used in Sects. 4.2.3 and 5.5.

4.1.1 Banach Spaces and Technical Lemmas

For ¢ : Dg’ & x Ty — C, writing ¢(s,0) = ",y o (s5)e'!?, we define the norms:

lg"ls == sup Is"p).  lolls,, =D o 5el”,

se’Dgo"‘K 1eZ

and the Banach space & :

v =1 'DE:)‘II; x T, — C : ¢ is analytic, ¢, ,, < 00}.

We also consider the following norm:

[P 1. = 1Dl & + 195410 + 106D15 41 000
and the corresponding Banach space:

éf',t’w ={¢: D/isn’u-

0,K

x Ty — C @ ¢ is analytic, [ ¢ ]|, ,, < o0}

For the stable case, we define analogous norms |.||5 , and [HJZ », and Banach spaces

, and X o Just replacing the domain DE’ Y by Dg:)s,(
The followmg result has Theorem 2.10 as an obvious corollary.

Proposition 4.1 Let fo > 0 and k > 0 be large enough. Equation (99) has two
solutions Yy € X3! and Y, € X3 and there exists M > 0 such that:

Lvis*llss, = 2AMSOU5; <M. " = MU O35, < M
The rest of the section is devoted to prove this proposition for the unstable case. The
proof for the stable one is completely analogous.

We present (see Castejon 2015 for their proofs) some technical results.

1. Banach spaces. Let n1, np > 0. There exists M > 0 such that
(a) ifny <np,then X* C A" and

ny,® nlw

1618, o < ———lIY, ..

cn2—ni
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®) If g € A . 2 € XY

ny,w?

then ¢ € &)

1+n2,w and

18102150, 45.0 = MID1I, 0162115, -

2. The operator G*. Letn > 1 and ¢ € X,;" »- There exists a constant M such that:
1G* D 1,0 <MDl G D a1 0 =MDl -

In addition, if ¢[%(s) = 0, then |G @) II ,, < M| B]% .

n,w —
3. The nonlinear terms, F , G and H.Recall that these functions are defined in (33).
Let C be any constant. Then:

(@) If ¢ € A3 with [|9]]5 , < C, there exists M > 0 such that

IE (@, O} 0 1G(@. OIS, IH (S, 05, <M.

(b) If ¢ € A7, with [[¢]l3 , < C and « is sufficiently large, there exists M > 0
and:

1Dy E (@, 0I5, 1DsG (9, 0I5, IDgH (S, 0)f ,, < M.

(c) If g1, € X;w is such that ||¢; ||517w < C, fori = 1,2, there exists M > 0
such that:

1F(¢1.0) — F(2. O, < Mligp1 — ¢21l5.0-
1G(¢1.0) — G(¢2. 015, < Mlig1 — h2ll3.,,.
1 (¢1.0) — H(go. 0§, < Ml — p215.,.-

4.1.2 The Fixed Point Equation

Finally, we can proceed to prove the existence of a fixed point of the operator MY,
given in (100), in the Banach space A7’ . We first begin by studying the independent

term M"(0).

Lemma 4.2 Let M" be the operator defined in (100). There exists a constant M such
that: [LM“(O)Jjg‘)w <M.

Proof Noting that:

d+1

M(0,0) = F(0,0) + s~V H(0,0),

by item 3ain Sect. 4.1.1 it is clear that || M (0, 0) ”iw < K for some constant K . Then,

since M"(0) = G" o M(0, 0), one just needs to use item 2 in Sect. 4.1.1 to obtain the
claim of the lemma. O
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The next step is to find a Lipschitz constant of the operator M.

Lemma 4.3 Let ¢, ¢ € /1;3“60 such that |l¢,-JJ‘3"w < C,i = 1,2, for some constant
C. Then, there exists a constant M such that:

(M (@) = M (@D 4, < M1 — P25 -
Proof First we note that since G" is linear:
M (1) — M"($2) = G*(M(¢1.0) — M(¢2, 0)).

Hence, by item 2 in Sect. 4.1.1, we just need to prove:

IM(@1,0) = M(g2, 0I5, < K1 — b2l .- (101)
Now, by definition (36) of M, we decompose:
M1, 0= M2, 0) = es™ 'y (91 — ¢2) + F($1,0) = F($2,0)
d+1 _ 1, . A .
+ s [A61.0 = A(@2.0] = [6@1.0) = 6(@2.0) | 2w
— G(¢2.0%(@1 — ¢2) + 57 2692 + H(@2.0)| (81 — #)
+52 [26(81 = ¢2) + H($1.0) — H(92.0) | 261

One just needs to use the properties in Sect. 4.1.1 exposed in item 1, 3a and 3c, and
take into account that:

g1 — 205, < P1 — D215, 130(P1 — P25, < &1 — #2]3,»
[195(d1 — P2)lz , < [[1 — $2113

and then (101) is obtained easily. O

End of the proof of Proposition 4.1 Let ¢1,¢p € B(ZLL./\;I“(O)JJE1 ») C )%“w By
using item 1 in Sect. 4.1.1 and Lemma 4.3 we obtain:

~ ~ K, ~ ~ K
[M*(P1) — M ()3, < ?LLM“(%) - M), < E”_(ﬁl — #2113,
Hence, for « sufficiently large, M" is contractive and:
M BQIMEO)]f3,) — BRLM O[S,

so that it has a unique fixed point ¥} € B(2 [[M”(O)Jjg, »)- Inother words, v/ satisfies
Eq. (99), and ||y |15, < ZUMu(O)ﬂg,w < K by Lemma 4.2. To finish the proof,

30 —
using Lemma 4.3 again, we conclude:
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lin = MU O3, = IM" (i) = MU O |15, < K[ ¥ l5, < K.

4.2 The Difference Ay,

In this section, we provide the proof of Theorem 2.11 which deals with the form of
AVrin = Yy — fn As in Sect. 4.1, we refer to the reader to Castejon (2015) for the
details.

4.2.1 Preliminary Considerations
As we explained in Sect. 2.2.3, since ¥, and v are solutions of the same equation,
Eq. (39), subtracting ¥ and 3 and using the mean value theorem, one obtains that

Ay = ¥ — Y3 satisfies Eq. (46):

—adp Atin + dds Ay — 257 Aty
= ay(s, 0) AYin + ax(s, 0)d; Ain + (cs~" + a3(s, 0))dg Ain. (102)

Denoting ;. = (5, + V7)) /2 + A(Yj, — ¥i)/2, the functions a; are:

1t d+1 L
a(s,0) = = dy F (Y3, 0)dr 4+ ——s ! dy H (Y3, 0)dA
2 —1 2b —1

1 Y.
-3 f 1 3y G (W, 0)d s dr 4 bs? (s 4 855

1
+%s2/ 3y H (W, 0)959,.dA, (103)
-1
1
az(s,9>=bs2<w§1+wf;l>+%s2 f H (., 0)da (104)
—1
1
as(s,0) = —%f Gy, 0)dA. (105)
—1

We recall that F s G and H are defined in (33) and that the difference A, is defined
fors € Egy ¢ = D= N Dy" (see Fig. 5) and 6 € T,,.

Bo.k Bo.&
We already argued in Sect. 2.2.3 that Ay, can be written as:

Atin(s, 0) = P (s, O™ (Ein(s, 6), ),

being kn(t) a2 —periodic function, P™ a particular solution of Eq. (102) and &, is
a solution of the homogeneous PDE (47):

— adpk + ddsk = ax(s, 0)dsk + (cs™' + as(s, 0))dpk (106)
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such that (& (s, 6), 0) is injective in Eg, ¢ X T,. '
To take advantage of the perturbative setting, we look for P and &, of the form:

P(s,0) = s¥9(1 + PI(s,0)), 107)
Ein(s,0) =0 +d las +d 7 (c + aLo)logs + ¢(s, 0). (108)

It can be easily checked that Plin has to be a solution of:

—adg PI" 4+ do; PI" =(ay +2d7 s ap) (1 4+ P™) 4 axd, P

+ (cs™' + a3)dp P (1
and, denoting,
ar(s, 0) = as(s, 0) —ds ' Lo, (110)
¢ has to be a solution of:
—adypp + dosp = d'aar +d e +aLo)s ar + a3 + ardsp (1)

+ (cs_1 + az)og .

First, note that in the left-hand side of Eqgs. (111) and (109) we have the same linear
operator, namely:

L(p) = —adpg + ddsh.

Moreover, ¢ and Plin are defined in the same domain Eg, ¢ x T,,. Now, to solve Eq.
(111), we consider the operator:

A(p) = d  aan(s, 0) +d7 (¢ + aLo)s ' ax(s, 0) + az(s, 0)
+ ax(s, 0)3sp + (cs~' + az(s, 0))dp .

and to solve Eq. (109):

B(@) = (a1(s,0) +2d" s ax(s, 0))(1 + ¢) + ax(s, 0)ds

| (112)
+(es™ +az(s,0))9¢.
Then Egs. (111) and (109) can be written, respectively, as:
Lip)=A),  LPM™ = B(P". (113)

Note that both equations in (113) can be rewritten as fixed point equations using a
suitable right inverse of the operator L.
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Let us denote so = —ik. Then we define the following right inverse of L, which
we shall denote by G, as the operator acting on functions ¢ given by:

G@)(s.0) =Y Glg)(s)e™,

leZ
where:

s .

G )(s) = f e~ e w=9) Ul (y))dw, if1 >0,
S0
S

G () (s) = f o191 (1) du, i1 <0,
—i00

One can easily see that £ o Q =1Id.

4.2.2 Banach Spaces, Properties of ay, az, a3 and of the Linear Operator G

Now we shall introduce the Banach spaces in which we will solve Equations (113).
These spaces and norms are basically the same as in Sect. 4.1.1, but we will work with
. . . in,u in,s
functions restricted to the domain Eg ¢ = Dg'r N Dy . '
For¢ : Eg) i x Ty, — C,writing (s, 0) =) ;5 o (s)e'!? we define the norms:

I = sup [s"¢&)].  Nllnw =Y _ llg"[lne",

SGEﬂO_,; leZ,
[¢lln.0 = 1¢lne+ 10s¢llnt1o + 106 In+10.

Then we define the Banach spaces:

Xon =10 1 Egy i x T, — C : ¢ isanalytic, ||¢]l4,0 < 00},

Xnw :=1{¢ 1 Egyx x T, > C : ¢ is analytic, ||@||n,o < 00}.

These Banach spaces and norms satisfy the same properties stated in item 1 in
Sect. 4.1.1. We will use them without mentioning it explicitly.

Lemma 4.4 Consider the functions a; (s, 0),i = 1, 2, 3 defined, respectively, in (103),
(104) and (105), and the function a> (s, ) defined in (110). There exists a constant M
such that:

_[0
latllow < M, lazllie <M 1@ < M, llaslae, < M.

Proof Recalling that by Proposition 4.1 we have that ¥} € 2\?3”@, using bounds of
F , G and H in Sect. 5.3, it is straightforward to prove the bounds for ay, a; and a3.
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The bound for ég)], the mean of a; is more involved. We will give an sketch of the
proof, the details are in Castején (2015). Let us denote:

ap= lim sal(s). (114)
s€Eg, i
|s|]—o00

From definition (104) of a; and Theorem 2.10 (which gives some properties of the
functions ;% and v ) one obtains that, for all (s, 6) € Eg) i x Ty,

ax(s, ) = bs? [G*(M(0,0))(s, ) + G*(M(0, 0))(s,0)] + s>H (0,0) + O(s ™),

where G are defined in (44) and M in (36). From this expression, one can see that ag
is well defined. From definitions (33) of F and H one checks that, for some constant
K:

1 (s) — s ag| < (5.0) € Egyic x Ty

_||27

Since @y(s, 0) = ax(s, ) — ds~' Lo, if we check that ag = dLy the bound for a!
will hold true. Now we state the definition of L introduced in Baldoma4 et al. (2016):

Ly = hm 11m8 112 (u) tanh™ (du)

u%lﬁ
being l£0] the mean of
Lhw,0) = ————>—@\ +r] —/ H(rydx, (115
2(u, 0) d(l—Z(z)(u))(l )~ 2401 — Z2w)) (r2) (115)

where H is defined in (15).
Let us consider u(s) = d~'arctanh(1/8s), as in (27). From definition (115) of
I>(u, 0) and (104) of ay (s, 0), recalling that:

YhS(s, 0) = 82" (u(s), 0),

the fact that Y™ = ,* + ¥,"*, using the bounds provided in Theorems 2.7 and
2.13for ¥"* and 1//11 *, respectively, and using formula (33) (which relates H and

H) one can see, after some straightforward but tedious computations, that for s €

mch,u mch,s .
DKﬁl B2 DK BB

L(u(s), 0) = d 'ax(s, 0) + O@' 7).

In particular, taking |s| < K8 ~D/2 s ¢ D,I(nlcgh 1:32 D,I(nlcgt; 732 one has:

L(u(s),0) = d ' ax(s, ) + O(s™2),
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so that:

I u(s)) = d'al(s) + Os72).
Since |a£0](s) — s Yap| < K|s| 72, this yields:

B u(s)) = dlags ™ + O(s72).

Taking s = 1/(8 tanh(du)) (with |u — iz/@2d)| < §(17)/2 50 that |s| < K8 —D/?)
we obtain:

1 (u) = 8d"ag tanh(du) + O (5% tanh?(du)).

Thus:

s T
M‘)lﬁ

Lo = lim lir%a_llg)](u)tanh_l(du)=d_1ao, (116)

and the claim is proven. O
Next lemma deals with the operator G and its Fourier coefficients.

Lemmad.5 Letn > 1 and ¢ € X, . There exists a constant M such that:

~ M N ~
LIl # 0, 16w < — ¢, Moreover 139G()lln.ws 13:G@)Inw <

|1
M| @lln- . .
2. 1fn > 1, then I @) -1 = MII¢M, and IG@)In-1.0 < M Pllno- In
addition, ug(¢)ﬂn—l,w = M”¢”n,w

4.2.3 Existence and Properties of ¢

Now we are going to prove the statements of Theorem 2.11 related to the existence
and properties of ¢. Concretely we prove:

Proposition 4.6 Equation (113) has a solution ¢ which is 2m -periodic in 0 and
lelhw =M,  0s¢llie =M, [de¢lie <M. (117)
In addition, (§in(s, 0), 0), is injective in Eg, i x T, with &y defined by (108).
Proof By means of G, we rewrite the equation for ¢ in (113) as a fixed point equation:
9 =GoAlp) = Alp).

We will prove that A is a contraction in a certain ball. We first claim that

IAOI1.0 <M, 110 AO)o <M,  [0,A0) 10 <M, (118)
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and hence [LA(O)JJO@ <M.

Remark 4.7 Note that, although we can bound A(0) using the norm ||.||1,,, we have
to take the norm ||. o, since the bounds of the derivatives are with the norm |[.||1 4
too.

Proof Indeed, by Lemma 4.4, it is straightforward to see that || .A(0)||1., < K, which

in particular, implies that, forall/ € Z, 1A 0)||; < K. Therefore, using Lemma 4.5.

A K K
IS AL < mnA[”w)nl gy 1#o (119)

Moreover, again using Lemma 4.4, for the zeroth Fourier coefficient, one has that
1,491 0)|l» < K which, using item 2 of Lemma 4.5, yields

1IN AO) I < KA 0)]]2 < K. (120)

Since A = G o A, bounds (119) and (120) imply that | A(0)]|;.., < K.
Finally using item 4 of Lemma 4.5 with bounds (119) we obtain that:

190 A0 <K, 105A0)]10 < K.

Using the same tools, one can check that, if ¢, ¢ € ?\?o,w aresuchthat||¢; JJo., < C
for some constant C, then there exists a constant M such that:

A1) — A2 1.0 < M1 — D2]J0.00- (121)

In particular | A(¢1) — A(2) o.o < M [p1 — ¢2]0.0- ~
Bounds (121) and (118) imply that, taking k is sufficiently large, the operator .A
satisfies that A : B(2]].A(0)]Jo.) = B(2[.A(0)]|0.w), and it has a unique fixed point:

¢ € BRLAO) ]o.0) C Xo.0-

By construction, ¢ satisfies Eq. (111) and, as we pointed out in Sect. 4.2.1, &;, defined
as (108) satisfies Eq. (106).

By the definition of the norm ||.||,.., and since ||¢]lo.o < 2|[.A(0)]jo., < K by
bounds (118), one obtains the corresponding bounds for d;¢ and dp¢ in (117). We
point out that this fact does not imply (117) directly, but it can be used to prove this
bound a posteriori with the following argument. Indeed, since ¢ is the unique fixed
point of A, we can write:

¢ = Alp) = A©0) + A(p) — A(0). (122)

On the one hand, by (118) we already know that 1A0) || Lo < K. On the other hand,
lello.w < 2[A0)]Jo.o < K by (121), we have:

IA(@) — AO) 11,00 < AW — AO) 1.0 < K|l @ll0. < K.
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Then, from (122) it is clear that ||¢ 1., < K and (117) is proven.

Now we shall prove that (§in (s, 0), 0), with &, asin (108), is injective in Eg, z X T,.
We first note that if 51,52 € Eg, ¢, then s) = s1 + A(s2 — s51) € Egy . Thus, |sy| > k.
Assume now that &, (s1, ) = &in(s2, 0) for some 51, 52 € Eg, ¢. By the mean value
theorem and the bounds for ¢ we have that

gt L
d ' +/ [M + 050051, 9)] dk‘
0

Sk
- K
Z|S1—S2| d"a— — ).
K

Taking « is large enough one concludes that 51 = s». O

0= s — 52|

4.2.4 Existence and Properties of Plin

As we did in the previous section with ¢, we now prove the properties for Plin estab-
lished in Theorem 2.11 which we summarize below:

Proposition 4.8 Equation (113) has a 2 —periodic in 6 solution, P, such that, for
some M > 0,

1P 10 < M. (123)

Therefore, P'™ given by (107), satisfies that P (s, 0) # 0, for all (s, 6) € Egy i x T

Proof Similarly as in the previous subsection, we first rewrite equation the equation
for P{" in (113) as a fixed point equation:

P = G o B(P) := B(PIM).

Again, we prove that the operator Bhasa unique fixed point in a certain ball. We have
that, if ¢1, ¢2 € X}, such that ||@; |1, < C for some constant C, then

1BO) 1.0 <M,  [[B@1) —B@2) 2.0 < M|p1 — ¢2]1.0

for some constant A > 0. We can prove this property using Lemma 4.5, defini-
tion (112) of B and Lemma 4.4. As a consequence,

- - K
LB(p1) — B(#2) 1,0 < Eu(ﬁl —®lie

Therefore, if i sufficiently large, then B : B(2||B(0)]/1..) — BQ2|B(0)]]1.,) and it
has a unique fixed point: Plin € B(Z[Ll”;’(O)JJLw) C fl‘w. Since Plin satisfies the fixed
point equation Pj" = B(P[") itsatisfies Eq. (113),and P™ (s, 6) = s*/4(14 Pi"(s, 9))
satisfies Eq. (102).

Bound (123) follows from the fact that, | PI"||; ,, < 2[lB©0)]/1,» < K. i
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4.2.5 End of the Proof of Theorem 2.11
We have that, for some periodic function k"

Atin(s, 0) = s*/4(1 + P{" (s, 0)k™ (§in(s, 0)) (124)
with &, of the form (108) and Plin given in Proposition 4.8.

It only remains to check that k™" satisfies the properties stated in the theorem. Since
k™ is 27 -periodic, we can write it in its Fourier series:

%il’l(r) — Z Ti[[ll]eilr-

leZ

Now we note that by the definition of A, = ¥} — ¥, and Theorem 2.10 we have
forall s € Eg, i:

K
|A¥in(s. )] = IWia(s. O] + W5, O)] =< -

In particular:

lim  Avin(s, 0) = 0.
o0

Ims——

Since Avin(s, 0) is defined for Ims — —o0, expression (124) of Ayin implies that
k™ is defined for Im T — —o0. Moreover:

lim &™(1)=0

Im7——0c0

and in particular |k" ()] < M. This trivially implies that, on the one hand, Ti[rll] =0
if [ > 0 and on the other hand, |Ti[111]| <Mifl <O.

The bounds for ¢ and P;" follow from the corresponding ones in Proposition 4.6
and Proposition 4.8, respectively.

5 The Matching Errors: Proof of Theorem 2.13

The main object of study of this section is the matching errors, defined in (57) as:
Yi(s,0) = ¥, 0) — ¥in(s.0),  ¥i(s,0) =9 (s, 0) — Yy (s, 0), (125)
where " and wi"n’s are given in Theorems 2.7 and 2.10, respectively.
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5.1 Banach Spaces

We present the Banach spaces we will work with, which are the same as in Sect. 4.1,

but using the domains DL“ICSIITS; (see (53)) instead. For completeness, we present the

exact definitions below. For ¢ : DL“/CS}IL;SZ x Ty — C, with¢(s,0) = 3 ;7 0 (s)e"?,
we define the norms:

u._ n uoL_ [11yu |l
115 =" sup 1s"¢@I Il = e Ie
seD,TEI’,L;,Z 1eZ

[P 1n. = 191,00 + 105@lln11 o + 10691041 00
and we endow the space of analytic functions with these norms:
X! = {¢: DY x T, — C : ¢ is analytic, |$]® ,, < oo},

Bo.k
XY= {¢: D x T, — C : ¢ is analytic, [[¢ " ,, < oo}.

Bo.k n,w

For the stable case, we define analog norms ||.[|}, , and [|.]|}, ,, and Banach spaces &}, ,

and .)E,f > Just replacing the domain D,in%l:l;gz by D,I(n;}:jgz

We will prove the following proposition, which is equivalent to Theorem 2.13.
Proposition 5.1 Consider the functions | S(s, 0) defined in (125). Then, (/S 2?2“ ®

and J} € /f'zs o Moreover there exists a constant M such that:

iy, < M8, |yils, < M8,

The rest of this section is devoted to proving this result for the unstable case, but the
argument can be analogously done for the stable case.

5.2 Decomposition of '

Note that we already know the existence of ¥{' = ¥" — by Theorems 2.7 and 2.10.
These theorems provide us with an a priori bound of the matching error ¥'. Indeed,
it is clear that

vieXy,  Iyils, <K' (126)

for some constant K. Our goal is to improve these bounds as stated in Proposition 5.1.
This strategy to bound the matching error was introduced in Baldom4 et al. (2012).
Recall that (s, 0) is defined for s € D,‘j BT (see (31) for its definition) and

(s, 0) is defined for s € pinu (see (40)). Then, since

Bo.i
mch,u u in,u
Depips © Pepr © Dpyis
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one has that v/} is defined in D,I(n;l:%z We also recall that " and ¥ satisfy:

LY =M@,  L(Wi) = MWy, 0),

respectively, where L is the linear operator defined in (35) and M is the operator
defined in (36). Defining the operator M} as:

W) = Mgy + ¥t 8) — MYy, 0), (127)

then /| satisfies:

L) = Miy). (128)

For convenience, we avoid writing explicitly the dependence of MY with respect to §.
We recall that y{' (s, 6) is 277 —periodic in 0. Next lemma characterizes ¥} by means
of the initial conditions of its Fourier coefficients in appropriate values of s.

Lemma 5.2 Let 51 and sy be the points defined in (54): s; = 8‘1(14/- — i%), for
Jj = 1,2 (see Fig. 6 and (52) for the definition of uy, us).

Then, the function y{' = Y — i} defined in (125) is the unique function satisfying
Eq. (128) whose Fourier coefficients 1//1”[” (s) satisfy:

vl =y sy —yplen il <o, (129)
Yilso) = ) —yills) i1 = 0.

Proof Since Y| is 2 —periodic in 0, it is uniquely determined by its Fourier coeffi-
cients. Writing Eq. (128) in terms of these Fourier coefficients, one easily obtains
that each Fourier coefficient 1,0}‘[” satisfies a given ODE. Moreover, solutions of
ODEs are uniquely determined by an initial condition at a given time. We choose
this initial time to be s = s1 for/ < 0 and s = s, for [ > 0. Since by definition
Yl (s) = ¢l (s) — 2 (s), we obtain precisely (129). O

The values W}‘[l] (s1) and WFU] (s2) will be bounded later on using Theorem 2.7 and
Theorem 2.10. We will denote them by C}':

(130)

o {w”[”(sl)—w;;“](sl) if1 <0,
[

~ vtGs) -y sy i 1> 0.

Recall that our ultimate goal is to find a sharp bound of v{'(s, #), for (s,0) €
DL“IC;:%Z To that aim we write ¥/} as a function that satisfies (128) and (129) by means
of a solution of the homogeneous equation £(ir) = 0 with initial conditions (129)
and a suitable solution of a fixed point equation. More precisely, we shall follow three

steps:

1. First, we construct a function ®" that satisfies:
(@) Lo®" =0,
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(b) o) = C/', where we take i = 1if/ < 0 and i = 2 otherwise.
This can be trivially done, defining ®" as the function:

U5, 0) = Y d"(s)e, (131)
kel
where:
! Clu 2/d d~! il .
oulll(5) = 73S /ded™ als=s1)i ifl <0,
o (132)
oulll(5) = z—jdﬁ/ded““(f—sz)"’ if1 > 0.
S

2. The second step consists in finding a right inverse G of the operator £. We can

define it via its Fourier coefficients gg[”. That is, given a function ¢ (s, 0) we
consider:

Go@)(s.0) =Y _ G5 (@) (s)e"’, (133)

keZ

and we choose gg[” so that for all functions ¢ (s, 6) the following holds:
© 8" (@)(s1) =0,ifl <0,

@ Gg@)(s2) =0, if 1 = 0.
One can easily see that if we define:

; 2 s 7”7“(1073')

98[](¢)(s)=d*‘sa/ —¢wydw  ifl <0,
S1 wd

ila

K e_T(w_S)
/ - ¢Mwydw  ifl >0,
\Y

2
52 wd

el

G3(p)(s) =d s

then G defined as in (133) satisfies conditions (c) and (d).
3. Now we point out that items (a)—(d) above imply that the function ¢ defined
implicitly by:
¢ = " + Gy(Mi(9)),

satisfies (128) and (129). Since by Lemma 5.2 /{' is the only function satisfying
(128) and (129), we can write:

Ui = @ + Go(MI(¥1))- (134)
We define the operator:

AMI(@) := Go(M () — Gy (M (0)).
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Then we can rewrite (134) as:
(Id — AMD W) = DY + G5 (M (0)). (135)

Thus, we just need to see that the operator AMY has “small” norm in )E'zu o
We point out that, unlike w}’, we have an explicit formula for functions ®" and
G (M(0)), so that these functions can be bounded easily. Then (135) will allow
us to bound ;' using bounds of the functions ®" and G (M} (0)).

We shall proceed as follows. First we state several technical results about G and
F, G and H whose proofs can be found in Castején (2015). Next we summarize the
main properties of the operator Gjj. After that, we find bounds of ®" and G (M} (0)).
This is done in Sect. 5.4. Finally, in Sect. 5.5, we study the operator AM] to see that
Id — A MY is invertible, which yields the proof of Proposition 5.1.

5.3 Preliminary Properties of G, F , G and A

Even when we are not going to prove the following properties, let us just to point out

that, to prove them we have to take into account that for s € lelgll;h one has:

Kik <|s| < K»8""' and &< s\ (136)

1. Banach spaces. The same properties given in item 1 in Sect. 4.1.1 hold true in this
case.

2. The operator Gjj. Again the same properties in item 2 of Sect. 4.1.1 are valid in
this case.

3. Thenonlinear terms, F , G and H . The definition of these functions is givenin (33).
Let C be any constant. Then:
(a) If ¢ € X;w with ||qb||‘3]’w < C, then there exists M > 0 such that

IF (. )00 1G@. OIS IH@. OIS, <M

R X X (137)
D5 F (¢, 05,4, I1DsG(@, I, IDsH (P, )5, <M.

b) Ifp € X;w with ||¢||37w < C/k and k is sufficiently large, there exists M > 0
and:

IDgE (@, 8113, 1DsG@, OIS, IDgH @, OIIY, < M.

Note that, in definition (33) of ', G and H , the variable ¢ always appears inside
the function p(¢, s, §) defined in (32). The condition ||¢ ||g’ », Small ensures that
p(@, s, 8) # 0 which is needed to prove the actual item.
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(c) If ¢ € A3, is such that [|§]|5 , < C, there exists M > 0 such that:

1F(.8) — F(@. 05, < Ms. [1G(@.8)—G(¢. 0}, < Ms,
1H (¢, 8) — H(@,0)II3,, < M5,

5.4 The Functions ®" and G (M7 (0))

Along this section we use the previous properties of Gy, F,G and H to give suitable
properties of ®" and G (M (0)). Looking at equality (135) this is mandatory to obtain
sharp bounds of the matching error /.

Lemma 5.3 The function ®" defined in (131)—(132) satisfies ®" € /’?2“’0). Moreover,
there exists a constant M such that: | ®"[5 , < Ms' =7,

Proof Let us recall definition (132) of the Fourier coefficients oulll,

u
qDU[l](S) = (;deZ/dedila(S_Sj)il’ (138)
s
J

where j = 1if/ < Oand j = 2if [ > 0. From definition (130) of C}' and using
Theorems 2.7 and 2.10, it is clear that:

1 1 —
= (e + 1w s) 11—, (139)
Moreover, since Im (s — s;)! > 0, we have |ed71°‘(“sj)”| < 1. Then:
| @41 (5)52| = 15173215 2204 (g + a1

As we pointed out in (55) and (56), |s;| > K187~ ! and |s| < K»87 ! forall s €
Df(‘f%l::‘/‘gz, thus

! - l l
@0 0)52| < KissI ™ (118 + 1w 1)

We now use the definition of the norm ||. ||‘31’w, thatby Theorems 2.7 and 2.10, |y "3 ,+
Il < K and that |s;| > K187, to conclude that

loUs, < K8'7. (140)

Now we proceed to bound [|dpP"[|3.. We note that, if ¢ (s, 0) is a 27 -periodic
function with Fourier coefficients ¢!!!(s) the Fourier coefficients of dg¢ (s, #) are
ilg!"(s). Using this and definition (130) of C}' we have that

eyl = (1 @ow™)"™ 15 + 1 @owin) " 1) 1514, (141)
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Then, reasoning analogously as in the previous case we reach that:
136 D118, <K 8" (1899 1150, + 196 ¥ 1I3.,) < K8'. (142)

Finally, we bound |d;®"||3,,. Differentiating the Fourier coefficients of ull]
defined in (138) with respect to s we obtain:

d 2¢) 2/d—1 d  a(s—s;)il ¢ 2/d =1 .7 d  a(s—s;)il
acb (s) = ms e P4 ﬁs d aile P,
J J

Using bounds (139) and (141) of C}' and ilC}', respectively, we obtain:
195 D15, < K8'7 (195 wllY, + Wial§ ) < K8'77. (143)

Bounds (140), (142) and (143) yield directly the claim of the lemma. O

Lemma 5.4 Let 0 = O(8). Then the function Gy(M](0)) € jzu,w’ where MY is
defined in (127) and Gy is defined in (133). Moreover, there exists a constant M such
that:

[Go (MTON 5, < M.
Proof By item 2 in Sect. 5.3, it is enough to prove that:
MO8, < K. (144)

Recall that MY (0) = M3, 8) — M(¥), 0). Thus, from definition (36) of M we
obtain:

d+1 8
4(0) = ds%s2a, ¥l + 20— ((83 - S—2> - 51/4‘;)

A A d+1 A A
+ F 8 — P, 0+ s~ (A9 - AW, 0)

— (6.9 = G, 0) vy + 5% (AW, 8 — AW, 0)) a7,

Now, using that for s € D,rcn%l:l;sz (see (136)): K1k < |s| < K»87~!, and the fact that
Uwfﬁﬂgw < K, it is easy to check that:

Hazszaswi‘; < K87,

u
3,0
and since o = O(§):

d+1 8
20 0 <<33 — s_2) + 81//55)

u

< K8,

3,0
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These facts and bound (137) of DsF, DsG and DsH, jointly with the properties of
the norm ||.||% , yield directly bound (144). O

n,w’

5.5 The Operator AMY

In this subsection, we are going to prove that the operator Id — AMY is invertible in
the Banach space A?; - After that we will end the proof of Proposition 5.1.

Lemma 5.5 Let o = O(8) and C > 0. For any ¢ € jzll,w satisfying [|¢ |5, < C/k,
we have that AMY(¢) € /{’2“ o Moreover there exists M > 0 such that:

M
Proof Recall that
AM(¢) = Gy (M](#)) — Gy (M](0) = Gy (M (¢) — M{(0)).

Thus, by item 2 in Sect. 5.3, it is sufficient to prove that:

M) — MiO)5, < guw&lw (145)
By definition (127) of M, one has:
1(¢) = M{(0) = MWy + ¢, 8) — MWy, ).
Using definition (36) of M, one obtains:

1) — MY(0) = es ™' 0p¢p + d8°5%0,¢ + 2080 + F (Yl + 6. 8) — F (Y. 5. 6)
d+1 (ﬁ(w.“ Y58 — HWY,s 3))
b in LA in» 9>
— (Gl +6.8) = G, 8) By + )
— G 9 +57 (2w + A (W, 8))

+ 57 (26 + AU +6.8) = AW, 9) 00+ 9).

Let us denote:
R(p) := MY($) — M) — d8%s85 — 2b5>$ds¢p.
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Using properties in Sect. 5.3, that || /i1 ||§ , < K and that § < K|s|!fors e D™

one obtains that [R(#)[13,, < K| ¢} .. Then, o
RGO < IRGI, < 1618, (146)
Now we just need to note that since |s| < K87~ !:
1d8%5%8, 113, , < K8 [5..,- (147)
Finally, since by assumption [|¢ 5 , < C/«, then:
1265203,18,, < K (1618.,)° < 918, (148)
Bounds (146), (147) and (148) yield (145), and so the proof is finished. O

End of the proof of Proposition 5.1 By Lemmas 5.3 and 5.4, we have that:
" + GE M OD]S, < 1913, + IGEMYONIS,, < K (877 +5) < Ks'77.
In addition, using equation (135), we have that

L1l — LAME@D], < K87

Then, since, utﬂf‘ﬂg w <K « 1, as we pointed out in (126), one obtains by applying
Lemma 5.5:

RZEPRCEY T ¢ had

so that Proposition 5.1 is proven. O

Remark 5.6 Notice that AMY (') can be expressed as B(s)y}, that is a linear
operator. Since [[Yf], < Kik~!, B(s) has norm strictly less than 1 so that

the linear operator Id — B(s) is invertible and then we can express /|' as ¥}' =

(1d — B(s)) "' @ + GL(MU(0)).

@ Springer



1546 J Nonlinear Sci (2018) 28:1489-1549

6 Proof of Proposition 1.4

To prove this result we consider system (5) substituting f, g, h by f, eg, eh. That is:
we consider now the system

d 82,8

d_’t‘ =x(oc —dz) + (¥ —i—cz) y+&872f(8x,8y,82,8,80),

d 82,8

d_)t} = — (% + cz) x+y(o—dz) + 8872g(6x, 8y, 8z, 6,80), (149)
d

d—f = 1+ b2+ y) + 2% + e85~ 2h(8x, 8y, 82, 8, 80).

We emphasize that for ¢ = 1, it corresponds to our system (5). We take > 1 and the
complex disk, D = {¢ € C : |¢| < r}. We will conmdere € D.

Notice that, the corresponding functions F,G and H, defined in (33), to Sys-
tem (149) are now

Fe(,8) = e F (Y, 8), Ge(¥,8) =eG(,8), He(y,8) =eH, ),

Therefore, the operator M (1, 0) in (36) is:

M, 0) =cs g + e F(, 0) + d+ ls—lsﬁ(w, 0)
—eGW, 0)3p + 52 (2bw t A, 0)) 3.

Then the inner equation in (38) is:

LWin) = Me(Yin, 0) (150)

where we recall that the linear operator £ was defined in (35).
We apply the results in Sect. 4 to Eq. (150). However we need to add the analytic

dependence on the parameter . Indeed, for ¢ : DEZ)’L:-C’S x Ty, x D — C, writing
¢(s,0,¢) = ZleZ qb[l] (s, s)e’w, we define the norms:
1ju,s s Nyju,s |l
Iy = sup |s"¢(s, ol llglys, = > leysel
(5,6)eDM%S5 1eZ

ok <

and
Lo ls == I@lns, + 10s@lyy 1 o + 1860170 -
The spaces Xy
22,;’0) = {¢: Dg;lll? x Ty x D — C : ¢ is analytic, |¢]],, , < o0}
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are Banach space.
Proposition 4.1 applied to the (parametric) inner equation, Eq. (150) provide us
with two solutions ¥>% € X3°, depending analytically on ¢ satisfying that

in,¢e 3,w°
Wi 155, < 2LMESO) |57, (151)
with
MES (@) = G* 0 M. (4, 0),

and G" defined in (44), independent of ¢. Analogously for G5.
On the one hand, for ¢ = 0, using that M (0, 0) = 0 we conclude by (151) that
¥ino = 0. On the other hand, by the analytic dependence on &, ¥, = O(e). Then

m,¢&
we have that Ay, » = wi‘;’s — lpisw = (O(e). Now we write expression (51) of the
difference Aip ¢:

Avine(s,0) =574 (14 P (5,0,0)) 3 Tl (e)eflbnte-0),
1<0

Since AYin. = O(¢), we have that Ti[é](e) = (O(¢e) and we conclude by definition of
C*(¢) in Theorem 2.16, that C*(¢) = C + O(&2).

The formula for A(u, #) in Theorem 2.16 also involves the function ¥ (u, ) and
the constant Lg, which is an analytic function of ¢. We note that Lo(e) = sio +
O(g?). Indeed, one possibility to check this property is the definition of Lg provided
in Remark 5.7 in Baldoma4 et al. (2016) in terms of the Taylor expansion of ef, g, h.
However we can also deduce this property by means of the equality (116). Indeed, first
one checks that function a, in (104) also satisfies ay = O(e). Then, by definition (114)
of ap we also have that this constant is O(¢). Finally, by (116), Lo = d~tay.

We compare the result for A(u, 6) in Theorem 2.16 obtained for ¢ = §7 +2 with
p > —2 with the one in Theorem 2.14 in Baldoma et al. (2016). It is enough for our
purpose to take # = 0. We have that, by Theorem 2.14 in Baldoma et al. (2016)

A0, 6) = e~ 3557274 (81’+261 cos(0 — cd~'log8) + 8712Cy sin(0 — cd~ ! log 8)

+0("*2|10g5™h)
and by Theorem 2.16

A0,0) = ¢~ 35721 (51’+2€1 cos(@ — cd~log 8) + 87+2C5 sin(@ — cd ! log §)
+0O(|1log$))) -

Therefore, we deduce that él = C; and éz = (5. In addition, the error term in the
second formula has to be (9(8”+2| log 6]). We notice that, since fore = 0, A(u, 0) =0
this fact was also known.
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Summarizing we have proven that C*(e) = Cj (¢) + iC5 (¢) is an analytic function
defined on D such that C*(¢) = eC + O(e?) with C=C= Cy + iC> being the
constants in Theorem 2.14 in Baldoma et al. (2016). The constant C was introduced
in Theorem 2.5 in Baldoma et al. (2016) in terms of the first Fourier coefficient of the
Borel transform of a function m. Namely C = C; — iCy = 4” Ml (%), C1,C € R,
with 171(¢, 0) be the Borel transform of m and m!! its first Fourler coefficient.

Now we are going to prove that the set of the singularities HZ* having C* # 0 is
1) dense and ii) open with the supremum norm. As we pointed out in Remark 2.9, the
constant C* only depends on the singularity and the same happens for C as we pointed
out in Baldomad et al. (2016). We also recall that, C # 0 generically.

i) If C # 0, being e ~'C*(e) = C+ O(g) = C + O(e) an analytic function, it has
isolated zeros. This implies that, either C*(1) # 0 or C*(gg) # 0 withgg € R as
close as we want to 1. So we are done in this case . .
When C = 0, for any p > 0 small enough there exist HZ such that |HZ —

HZ*||~o < p and the constant C associated to/I-?Z* is different from zero. Then,
we apply the previous case and the result follows also in this case.

ii) If the Stokes constant C* # 0 for some singularity H Z*. Then, since C* depends
on the coefficients of HZ* analytically, C* will be nonzero for close enough
singularities.

This ends the proof of Proposition 1.4.
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